EXISTENCE OF SELF-SIMILAR PROFILE FOR A KINETIC 
ANNIHILATION MODEL 
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Abstract. We show the existence of a self-similar solution for a modified Boltzmann equation 
describing probabilistic ballistic annihilation. Such a model describes a system of hard-spheres 
such that, whenever two particles meet, they either annihilate with probability a £ (0, 1) or they 
undergo an elastic collision with probability 1 — a. For such a model, the number of particles, 
the linear momentum and the kinetic energy are not conserved. We show that, for a smaller 
than some explicit threshold value a*, a self-similar solution exists. 

Keywords. Boltzmann equation, ballistic annihilation, self-similar solution. 
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1. Introduction 

In the physics literature, various kinetic models have been proposed in the recent years in order 
to test the relevance of non-equilibrium statistical mechanics for systems of reacting particles. 
Such models are very challenging in particular for the derivation of suitable hydrodynamic models 
because of the lack of collisional invariants. We investigate in the present paper a recent model, 
introduced in [j| [T(j, [l6|, |J, |28|] to describe the so-called probabilistic ballistic annihilation. 
Such a model describes a system of (elastic) hard-spheres that interact in the following way: 
particles moves freely (ballistically) between collisions while, whenever two particles meet, they 
either annihilate with probability a £ (0, 1) (and both the interacting particles disappear from 
the system), or they undergo an elastic collision with probability 1 — a. For such a model, 
not only the kinetic energy is not conserved during binary encounters, but also the number of 
particles and the linear momentum are no longer conserved. Notice that, originally only pure 
annihilation has been considered |?], [l6| (corresponding to a = 1). Later on, a more elaborate 
model has been built which allows to recover the classical Boltzmann equation for hard-spheres 
in the limit a = 0. Notice that such a Boltzmann equation for ballistic annihilation in the special 
(and unphysical) case of Maxwellian molecules has already been studied in the mid-80's |2(], 
and was referred to as Boltzmann equation with removal. 

The present paper is the first mathematical investigation of the physical model of probabilis- 
tic ballistic annihilation for the physical relevant hard-spheres interactions, with the noticeable 



exception of the results of [18| which prove the validity of the spatially homogenous Boltzmann 
equation for pure annihilation (i.e. whenever a = 1). We shall in particular prove the existence of 
special self-similar profile for the associated equation. Before entering into details of our results, 
let us introduce more precisely the model we aim to investigate. 

1.1. The Boltzmann equation for ballistic annihilation. In a kinetic framework, the beha- 
vior of a system of hard spheres which annihilate with probability a £ (0, 1) or collide elastically 
with probability 1 — a can be described (in a spatially homogeneous situation) by the so-called 
velocity distribution f(t, v) which represents the probability density of particles with velocity 
v £ M. d (d ^ 2) at time t ^ 0. The time-evolution of the one-particle distribution function f(t, v), 
v £ M. d , t > satisfies the following 

d t f(t, v) = (l- a)Q(f, f)(t, v) - «Q_(/, /)(t, t;) = B(/, /)(*, t;) (1.1) 

where Q is the quadratic Boltzmann collision operator defined by the bilinear symmetrized form 



Q(gJ)(v) = l I B(v-v^o-){ g 'j' + g'fl-g*f-gh) d^da, 

1 -IK d xS d - 1 



where we have used the shorthands / = f(v), f = f(v'), g* = g(v*) and g'^ = g{v'^) with 
post-collisional velocities v' and v'^ parametrized by 



. v + -u* \v — V J , V + v * \v — V J 

v = 1 cr, v* = o~, a £ a 

2 2 2 2 



d-l 



and the collision kernel is given by 

B(v - v*,a) = $(\v - v*|)6(cos0) 

where cos 9 = / |^Z^* | , o"^ • Typically, for the model we have in mind, we shall deal with 

<E>(|i> — «*!) = \v — 1**1 
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and constant b(-) corresponding to hard-spheres interactions which is the model usually consid- 
ered in the physics literature [15, 19, pq[ . We shall also consider more general kernel, typically, 
we shall assume that 

*(|« -v*\) = \v-v*\i 7 6(0,1] (1.2) 

and 

\\b ||i := \S d - 2 \ J b(t){l - t)^' 2 dt < oo 

where |S d_2 | is the area of (d — 2)-dimensional unit sphere. Without loss of generality, we will 
assume in all the paper that 

INi = i. 

Notice that, for constant collision kernel, this amounts to choose b(-) = l/\S d ~~ 1 |. A very special 
model is the one of so-called Maxwellian molecules which corresponds to 7 = 0. The model of 
Maxwellian molecules has been studied mathematically in p5| , [26[ | and we will discuss this very 
special case in the Appendix. 

The above collision operator Q(f,f) splits as Q(f,f) = Q+(f,f) — Q-(f,f) where the gain 
part Q+ is given by 

G+(/, /)(«)= / B(v-v„v)fif'dv.da 
while the loss part Q_ is defined as 



Q-(fJ)(v) = f(v)L(f)(v), with L(f)(v)= B(v-v*,a)f*dv*dv. 

J-R d xS, d - 1 

One has 

B(/,/) := (1 -a)Q(fJ) -aQ.(f,f) = (l-a)Q+(f,f) - Q_ (/,/). 

Formally, if f(t,v) denotes a solution to ( |1 . 1[) then, no macroscopic quantities are conserved. For 
instance, the number density 



n(t) = I f{t,v)dv 

and the kinetic energy 

E(t) = I \v\ z f(t,v)dv 



are continuously decreasing since, multiplying (1.1) by 1 or \v\ 2 and integrating with respect to 
v, one formally obtains 

df 

while 



n{t) = -aj G_(/,/)foi/)du<0 

R d 



d 

d7 



E(t) = -a[ \v\ 2 QMJ)(t,v)dv^0. 



It is clear therefore that ( |1 . ip does not admit any non trivial steady solution and, still formally, 
f(t,v) -> as t -)• 0. 
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1.2. Scaling solutions. Physicists expect that solutions to (1.1) should approach for large times 
a self-similar solution fu to Ql . 1| ) of the form 

f H (t,v)=\{t)^ H m» (i-3) 

for some suitable scaled functions X(t),/3(t) ^ with A(0) = /3(0) = 1 and some nonnegative 
function tpu such that 



# and / 4> H (0 (1 + |e| 2 ) d£ < oo. (1.4) 

The first step in the proof of the above statement is actually the existence of the profile ipn and 
this is the aim of the present paper. 

Using the scaling properties of the Boltzmann collision operators Q±, one checks easily that 

M(f H J H )(t,v) = \ 2 (t)p- {d+7) (t)B(tl> H ,i> H )(P(t)v) Vv G R d . 

Then, fjj(t,v) is a solution to ( |1.1[ ) if and only if ^h(C) i s a solution to the rescaled problem 

— A2(t) — + X(t) £-V&h{0 =b(v>h,Vh)(£) 

where the dot symbol stands for the time derivative. One sets then 

_ A(t)^(t) „_ kt)P d+ ~<- 1 (t) 

A*(t) ' 13 A(t) 

and using ( |1.4| ) one sees that the real coefficients A and B are both depending on the profile 
ipH- More precisely, ipn is a solution to 

A^(£) + • V^h(0 = B(^ H ,Vff)(0 (1-5) 

where 

2 V Ud ipHiZ*) dC* J R d ^ (£* ) I r d£* / 

and 

2 V w (?*) d£* Jr* w (60 1 £* r df* / 

We now observe that, with no loss of generality, one may assume that 

/ ^(£)d£ = l and / ^(£)|£| 2 d£ = l (1.6) 

Indeed, if tpjj denotes a solution to ( |1.5| ) satisfying ( |1.6p then, for any (3 = (Pi,^) £ (0,oo) 2 , 
the function ipg n defined by 



is a solution to ( |1.5| ) with mass f}\ and energy /?2- Assuming ( |1.6[ ) and introducing 

n H (t)= [ f H (t,v)dv, E H (t)= [ \v\ 2 f H (t,v)dv, 
one obtains n#(0) = 1, Eh{0) = d/2, 



m = Vmty and Ht) = P d (t)n(t). 
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Thus, the self-similar solution fjj is of the form 



^») = H^(4)- wil " "W-S- (L7) 

TTie main objective of the present work is to prove the existence of a self-similar 
profile ipu satisfying (|1.-5|), (|1.6|). Notice that the existence of such a self-similar profile 



was taken for granted in several works in the physics community |15, 19, | |] but no rigorous 
justification was available up to now. Our work aims to fill this blank, giving in turn the first 
rigorous mathematical ground justifying the analysis performed in the op. cit. 

1.3. Notations. Let us introduce the notations we shall use in the sequel. Throughout the 
paper we shall use the notation (•) = \J\ + | • | 2 . We denote, for any the Banach space 

L\ = j/ : R d -> R measurable; ||/|| L i := J \f(v)\ {v) v dv < +oo| . 

More generally we define the weighted Lebesgue space LP(R d ) (p € [l,+oo), 7] G R) by the 

1 ^ p < oo 



norm 

l/p 

|/IL*(R<*) 



/ \f(v)\p( v rdv 

jR d 

while ||/||ioo( K d) = ess - sup ve - Rd \f(v)\(v) r ' for p = oo. 



1.4. Strategy and main results. To prove the existence of a steady state ipH, we shall use 
a dynamical approach as in J|, [5|, [12L 13, pOj ]. It then amounts to finding a steady state to the 
annihilation equation 

8 t iP(t, + A^t) + B^(t) £ • V^(t 5 e) = B(V, VOfo (1-8) 
supplemented with some nonnegative initial condition 

mo = MO, (i.9) 

where satisfies 

/ MOd£ = l, / Vo(e) K| 2 dC = ^, (1.10) 
A^(t) = ~ [ {d + 2-m 2 )Q^^j)(t,OdC, 



while 



and 



= / (d-2iei 2 )Q-(v>,vo(t,Ode 



We now describe the content of this paper. As explained above, the existence of the profile 
ipH is obtained by finding a steady state to the annihilation equation (|1.8| ) . As in previous works 
H, H, |l3[ ^0|, the proof relies on the application of a suitable version of Tykhonov fixed point 
theorem (we refer to |[|, Appendix A] for a complete proof of it): 

Theorem 1.1 (Dynamic proof of stationary states). Let y be a Banach space and (St)t>o 
be a continuous semi-group on y such that 

i) there exists Z a nonempty convex and weakly (sequentially) compact subset of y which 

is invariant under the action of St (that is SfZ S Z for any z € Z and t > 0); 
ii) St is weakly (sequentially) continuous on Z for any t > 0. 
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Then there exists z$ E Z which is stationary under the action of St (that is StZQ = zq for any 
t > 0). 

In a more explicit way, our strategy is therefore to identify a Banach space y and a convex 
subset Z C y such that 

(1) for any tpo £ y there is a global solution tp S C([0,oo),3 ; ) to fll.Sj ) that satisfies (1.9); 

(2) the solution tp is unique in y and if tpQ & Z then tp(t) € Z for any t > 0; 

(3) the set Z is (weakly sequentially) compactly embedded into 3^; 

(4) solutions to ( |1.§| ) have to be (weakly sequentially) stable, i.e. for any sequence (ip n ) n € 
C([0, oo), y) of solutions to ( |1.8[ ) with tp n (t) 6 Z for any t > 0, then, there is a subsequence 
(V^ )fc which converges weakly to some tp € C([0, oo), J 7 ) such that tp is a solution to ( |1.S| ) . 

According to the above program, a crucial step in the above strategy is therefore to investigate 
the well-posedness of the Cauchy problem ( |1.8[ )-(|i~9|) and next section is devoted to this point. 
The notion of solutions we consider here is as follows. 



Definition 1.2. Given a nonnegative initial datum tpQ satisfying (1.10) and given T > 0, a 



nonnegative function tp : [0,T]xl ->I is said to be a solution to the annihilation equation 

tp € C([Q,T] ; Ll(R d )) n L\0, T; ^ +7 (M d )) 



and satisfies (1.8) in the weak form: 



[ 1>(t,0e(£)<%+ I dslA^s) - dB 4 ,( s )] [ f?(£)V>0,£)d£ 

JR d JO JR d 

= I ZsB^s) [ VMK-V^(£)d£+ / g(C)M0^+ [ ds [ B(^)( S ,£M£)d£ 

JO JR d JR d JO JR d 

(1.11) 

for any g G C^(R d ). 

Notice that the assumption tp € L 1 (0, T; ^^^(M^)) is needed in order to both the quantities 
A^(t) and B^(t) to be well-defined. 

Let us point out the similarities and the differences between ([b^) and the well-known Boltz- 
mann equation. First, it follows from the definition of the coefficients A^, and B^, that the mass 
and the energy of solutions to ( |1.8[ ) are conserved. However, there is no reason for the momen- 
tum to be preserved. Even if we assume that the initial datum has vanishing momentum we 
are unable to prove that this propagates. It is also not clear whether there exists an entropy for 



fll.q ). Let us note on the other hand that since the coefficients A^, and B^, involve moments of 
order 2 + 7 of tp, a crucial step will be to prove, via suitable a priori estimates, that high-order 
moments of solutions are uniformly bounded, ensuring a good control of both A^ and Bw,. At 
different stages of this paper, this lack of a priori estimates and this necessary control of A^, and 
B^ complicate the analysis with respect to the Boltzmann equation. It also leads us to formulate 
some assumptions, some of which we hope to be able to get rid of in a future work. Let us now 
describe precisely what are the practical consequences of the aforementioned differences. Since 
we are interested in the physically relevant model of hard-spheres interactions, the cross section 
involved in the collision operator is unbounded. Consequently, the existence of a solution to 
Ql-q 1 ) is obtained by applying a fixed point argument to a truncated equation and then passing 
to the limit. Such an approach is reminiscent from the well-posedness theory of the Boltzmann 
equation f~i and relics on suitable a priori estimates and stability result. In particular, such 
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a stability result allows to prove in a unique step the above points (1) and (4) of the above 
program. We thereby prove the following theorem in Section |2| 

Theorem 1.3. Let 5 > and p > 1. Let tpo G L\ , (5 (]R <i ) n L p (R rf ) 6e a nonnegative distribution 
function satisfying ( l.lOj ). Then, there exists a nonnegative solution tp G C([0, oo); L^l^)) ^ 



L 1 1 oc ((0,oo),Li +7+(5 (IR rf ))nL 1 ~((0,oo),Li +5 (IR d )) to Q suc/i that il>(0, ■) = and 

Notice that, with respect to classical existence results on Boltzmann equation (see e.g. j ^]), 
we need here to impose an additional L p -integrability condition on the initial datum tpo- Such 
an assumption is needed in order to control the nonlinear drift term in ( |1.8[) and especially to 
get bounds on the moments of order 2 + 7 arising in the definition of A^(t) and B^(t), these 
bounds need to be uniform with respect to the truncation. 

The previous result allows to identify the space y = L|(R. ) in the above Theorem 1.1 and 



gives the existence of a semi-group for ( |1.8| ) and the next step is to finding a subset Z which 
is left invariant under the action of this semi-group. Since y is an L 1 -space and Z has to be 
a weakly compact subset of y, it is natural in view of Dunford-Pettis criterion to look for a 
subspace involving higher-order moments of the solution tp{t) together with additional integra- 
bility conditions. We are therefore first lead to prove uniform in time moment estimates for the 
solution tp{t). More precisely, the main result of Section || is the following 

Theorem 1.4. Let p > 1. Let tpo G Lr, +7 (lR rf ) D L p (JH d ) be a nonnegative distribution function 
satisfying ( |1.10D . Let then tp G C([0, oo); Ll(R d )) D Lj oc ((0, oo), L^ +7 (M d )) be the nonnegative 
solution to ( |1.8D -( |i~9| ) constructed by Theorem Then, there exists ao G (0,1] such that for 
< a < ao, the solution tp satisfies 

sup / tP(t,0 |£| 2+7 d£ < max / / Vo(0 |£| 2+7 d£,M) , 

/or some explicit constant M depending only on a, 7, &(•) and d. 

The proof of the above result relies on a careful study of the moment system associated to 
the solution tp(t) to Ql.8| )-( |l~9| ). Since we are dealing with hard-spheres interactions, such a 
system is not closed but a sharp version of Povzner-type inequalities allows to control higher- 
order moments in terms of lower-order ones. Let us observe that the initial condition tpo belongs 



here to Ll +ry (R d ), that is we take 5 = 7 in Theorem |1.3|. Indeed, since coefficients Aw, and B 



ana r>w, 



involve moments of order 2 + 7, this is the minimal assumption to ensure a uniform in time 
propagation of moments. The restriction on the parameter a G (0, ao) arises naturally in the 



proof of the uniform in time bound of the moment of order 2 + 7 (see Proposition 3.4). 

At the end of Section || we establish a lower bound for L{tp) where L denotes the operator in 
the definition of Q_, namely 

I V>(<.&)l£-&| 7 d& >fi a (0\ V£GM d , t>0, (1.12) 

for some positive constant fi a > depending on j,d,a, b(-) and on L d ^o(Ol£| 7 d£. Note that 
this bound will be essential in Section [| and that we need here to assume that tpo is an isotropic 
function. Isotropy is indeed propagated by J1.8Q . For the Boltzmann equation, this assumption 
is useless since such a bound may be obtained thanks to the entropy for elastic collisions (see 
j|23|, Proposition 2.3]) or thanks to the Jensen inequality and vanishing momentum for inelastic 
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collisions and 7 = 1 (see Eq. (2.7)]). This naturally leads us to Section Q where we deal 
with propagation of higher-order Lebesgue norms and where we obtain the following: 

Theorem 1.5. Let p > 1. Let ipo £ L2 +7 (M d ) n LP (Mr) be a nonnegative distribution function 
satisfying ( |1 . 10[ ) . Let then ip £ C([0, 00); L^(R d )) n ^^((0, 00), L^ +7 (M d )) be the nonnegative 
solution to ( |1.8[) - (|1.9|) constructed by Theorem We assume furthermore thatifjQ is an isotropic 
function, that is 

M0 = M\C\) V£€M d . (1.13) 
Then, there is some explicit a £ (0, 1] such that, for < a < a there exists some explicit p k a > 1 
such that, for any p £ (l,p*), 

sup < max{||V>o||z>,C'p(V ; o)} 

/or some explicit constant C p {ipo) > depending only on a, 7, o(-), p, the dimension d and 

The proof of the above result comes from a careful study of the equation for higher-order 
Lebesgue norms of the solution ijj(t) combined with the above bound ( 1.12| ) where we only 



consider isotropic initial datum. Here again, one notices a restriction on the parameter a £ 
(0, a) for the conclusion to hold. The fact that the constant C p (tpo) depends on the initial datum 
ipo through (the inverse of) its moment J" R[i ^o(£)l£l 7 d£ is no major restriction since we will be 



able to prove the propagation of lower bound for such a moment along the solution to (L8) (see 
Sections [|| and [| for details). 



Combining the three above results with Theorem 1.1 we obtain our main result, proven in 
Section [j| 

Theorem 1.6. Assume 7 £ (0, 1] and set a = min(ao, a). For any a € (0,a) and any p £ (l,Pa) 
there exists a radially symmetric nonnegative tpn £ L2 +ry (M. d ) P\L p (M. d ) satisfying ( |1.5| ) and ( |1.6| ). 

The proof of the above result is rather straightforward in view of the previously obtained 
results. 

Open problems and perspectives are addressed in Section || As previously mentioned, one of 



them consists in showing that solutions to (bl) approach for large times a self-similar solution 



fH to (|l.l| ) of the form ( |l.3[) . The first step was the existence of the profile ipn, which has been 
obtained in Section [f| Besides one is also interested in the well-posedness of (|l . l| ) and, following 
the same arguments as in the proof of Theorem L5 the existence of a solution to ( |l . l[) may be 
easily obtained. More precisely, we have 

Theorem 1.7. Let /o £ L2 +7 (M rf ) be a nonnegative distribution function. Then, there exists a 
nonnegative solution f £ C([0, 00); L^(M d ))nL 1 1 oc ((0, 00), L^ +7 (R d )) to ([□]) such that f '(0, •) = f 
and 

f(t,v)dv^ [ f (v)dv, [ f(t,v)\v\ 2 dv^ [ f (v)\v\ 2 dv V^0. (1.14) 



We give the main lines for the proof of this theorem in Appendix Finally, the particular 
case of Maxwellian molecules is discussed in the Appendix [B[ 

2. On the Cauchy problem 

This section is devoted to the proof of Theorem 1.3. To this aim, we first consider a truncated 
equation. 
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2.1. Truncated equation. In this section, we only assume that V>o £ W 1,oc (M. d ) n Ll^(M. d ) is 
a fixed nonnegative distribution function that does not necessarily satisfy the above fll-lOQ and 
we truncate the collision kernel B. Thereby, for n 6 N, we consider here the well-posedness of 
the following equation 

d t ^(t, o + A^(t) v(t, o + Bjct) e • o = B n (^, ^)(t, e), (2.1) 

where the collision operator M n (ip , ip) is given by 

B"(V, V) = (1 - ct)Q n + {^) - Q-W^), (2.2) 
where the collision operator Q n is defined as above with a collision kernel B n given by 

Bn(t-Z*,CT) = ®n(\Z-Z*\)bn(cO S 0) 

with 

$ n (r) = (min {r, n}) 7 , 7^(0,1] 
and 6 n (x) = l{| a .| <1 _ 1 / n }6(x). Finally, 

and 

b ;w : = -? / ( f ,,L^c - r 77?tIt^i2^ ) Q-(^)(u)de 

We notice here that the definitions of A^(t) and B^(i) match the definitions of A^(t) and B^,(i) 
given in the introduction with Q™ replacing Q_ when -0q i s assumed to satisfy ( 1.10| ). The main 
result of this section is the following well-posedness theorem: 

Theorem 2.1. Let S > 0. LettpQ € W 1,00 (R. d )r\L2 +s (JH d ) be a nonnegative distribution function. 
Then, for any n 1, there exists a nonnegative solution ip E C([0,oo);L 1 (M d )) to the truncated 
problem (2.1) such that ^(O, •) = ipo and 



V(U)d£ 



The proof of this well-posedness result follows classical paths already employed for the clas- 
sical space homogeneous Boltzmann equation but is made much more technical because of the 
contribution of some nonlinear drift-term. Let T > and 

h € C([0,T};L 1 (R d )) n L°°((0, T); L 1 ^, \£\ 2+S d£)) 

be fixed. We consider the auxiliary equation: 

'W(t, +Ajj(t) ?p(t, o + B n h (t) e • v^(t, + c%(t, o o 

= (l-a)Q£(M)(f,£), (2-3) 

Here, A^ and B^J are defined as and B^; with Q"i(h,h) replacing Q"(^,^) and 

CJ*(U):= / B n (£-&,*)MU.)d&d(7 = HMIi / *„(l£-&l)MU.)d&. 
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We solve this equation using the characteristic method: notice that, by assumption on h, the 
mapping 1 1— > B?(t) is continuous on [0,T] and, for any £ G M. d , the characteristic equation 

^- t X(t;s,0 = K(t)X(t;s,0, X(s;s,0 = Z, (2.4) 

gets a unique global solution given by 

X h (t; S ,0=eexp Qf BJ*(r)<fr 

Then, the Cauchy problem (|2.3| ) admits a unique solution given by 

^(t, = i' 1 (t, + ^(t, = (^(0; t, 0) exp (- J [AJf(r) + C£ (r, X ft (r; i, 0)] dr' 
+ (1 - a) J exp £ [A£(r) + C£ (r, X h (r; t, £))] dr^j Q+(/i, fc) (a, X h (s; t, £)) ds. (2.5) 

For any T > and any M\,M%, L,C$ > (to be fixed later on), we define ft = "Ht,Mi,m 2 ,l,Cs 
as the set of all nonnegative h G C([0, T]; L 1 (R d )) such that 

sup / h(t,0d^M u sup / h{t,Q\Z\ 2 d$^M 2 , 

t£[0,T]JR d te[0,T]JR d 

and 

sup / h(t,0\£\ 2+s d^C 6 , sup \\h(t)\\ wliao 

tG[0,T]JR d i£[0,T] 
Define then the mapping 

T : ft — ►C([0,:T];.L 1 (R d )) 

which, to any h G ft, associates the solution ?/> = T(/i) to Q2.3| ) given by (2.5). We look for 
parameters T, Mi,M 2 , C$ and L that ensure T to map ft into itself. To do so, we shall use the 
following lemma whose proof is omitted and relies only on the very simple estimate: 

Q!(h, h)(t, C) = h(t, £)Cj*(t, £) < (nWJMi) MU) Mt G [0, T] 
valid for any /i G ft. 

Lemma 2.2. Define, for any n G N and any Mi > 0, 

^ n = ^n(Mi) = " n 7 Mi|[6 n ||i and f n = i/ n (Mi) = an jMMl. , 

Ilwli jRd^o(0 l£r d £ 

For any fixed h G ft and any (i, £) G [0, T] x R rf i/ie following hold 

(i) < dB]J(i) - A«(i) = ^J Q-(h, h)(t, d£ < /inMi. 
_£^ Ml < B£(t) < f M 2 . 

H < (d + 2)Bg(t) - Al(t) = ° f \£\ 2 Q n _(h,h)(t,0d^v n M 2 . 
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Control of the density. By a simple change of variables, one checks easily that the solution 
ip{t, f ) given by (fE|) fulfils 

/ V(*,£)d£= / Vo(£)exp( / [dBg(r)-A5»(r)-Cg(r,X A (r;0 J 0)]dr > ) d£ 

JM d JR d \J0 / 

+ (!-«) ^ ds ^ exp [dBJJ(r) - A£(r) - C£ (r, X fc (r, a, £))] dr) Q^ft, /»)(«, d£. 



It comes then from the above Lemma |2.2| that 

^(*,0d£ ^ HVolli exp(t/x n Mi) + (l-a) / exp ((i - a) Mn Mi) / /i)(s, £) d£ da, 

JO JR d 

1 - a /"* 

< ^01 exp (tfj, n Mi) H MnMi ^o li / exp ((i - s) \i n Mi) da, 

a Jo 

from which we deduce that 

sup / ip(t,0^< \\Mi fexp(r / i n M 1 ) + i^(exp(r / i n M 1 )-l) N ) V/i € «. (2.6) 

tG[0,T]JR d V a J 

Control of the moments. We now focus on the control of moments of order r with r 2 to 



the solution ^ given by (2.5). Arguing as above, 

f V>(*,6l£rd£= / ^o(6ieexpf r[(r + d)BS(r)-AJ|(r)-Cg(r,X h (r ) 0,O)]dT > ) d£ 

JR d JR d V0 / 

+ (1 - a) f ds [ exp ( f [(r + d) B n h (r) - AJJ(r) - C£ (r, X h (r, s, £))] dr) 

JO JR d \Js / 

Q" + (h,h)(s,0\t\ r dti. 

Using again Lemma 2.2 , we get 

/ ^(*,£)l£rd^exp(t(// n Mi + ^M 2 )) f ^o(0le| r d£ 

+ (l-a) f t exp((t-s)(fi n M 1 + ^fM 2 )) [ Q+(h,h)(s,g) |£j r d£ds. 
jo v Z / J R d 

Now, the change of variables (£,£*) — > (£',£*) together with the fact that 5j |£| + |^|, yields 

/ Ql(h,h)(s,0\Z\ r dt < / / a^OM^eoieTd^d^ 

JR d JR d xR d JS" 2 - 1 

< 2 r - 1 n^\\b n \\ 1 [ fcMMs,6*)(l£r + l£*r)d£d£* 

< 2 r n^||6 ri ,|| 1 M 1 / |£| r d£. 

JR d 

Hence, 

/ ^,0l£| r d£<exp(t( M „Mi + ^M 2 )) / M0\t\ r dti 

+ ( l_ a)2 ^ H^lli rexp((t- S )(/i n Mi + ^M 2 )) / h( s ,0\t\ r d£ds. 
a Jo v 2 / y Rd 
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In particular, choosing successively r = 2 and r = 2 + 5 one gets that 

sup f 1>(t,t)\tfdZ^exp(T(ji n M 1 + u n M 2 )) [ Vo(£)|£| 2 d£ 

t£[0,T]JR d JR d 



+ 4 HV^o 111 1 ~ m ( ex P ( T ^ Ml + "« - l ) ( 2 - 7 ) 

a n n Mi + v n M 2 



and 



sup / ^(i, £) |e| 2+5 d£ exp (T ( Mn Mi + ^t* u n M 2 )) [ MO \Z\ 2+S d£ 
5[0,T1 JR d z JR d 



*e[o,T] 

+ Ml A f^ 2 2 + + ? n M ( ex P ( T ^ M > + ^ ^M 2 )) - l) (2.8) 

a /i n Mi + ^ i/ n M 2 V 2 / 

for any h € 

Control of the W 1,co norm. Our assumption on the collision kernel of the operator Q n allows 
us to apply [ 23 , Theorem 2.1] with k = r\ = and sin 2 (#b/2) = l/(2n) to get directly 

||<4(M)|| L ~ ^2n 1 +^||6 n ||i||/ l || L1 \\hh~. 



Then, the change of variable a — > —a yields 

VQl(h, h) = Ql(Vh, h) + Ql(h, Vh) = 2 Q n + (h, Vh) 
and, applying again |23|, Theorem 2.1]: 

||VS^(M)IU~ < 2\\Ql(h,Vh)\\ L oo < 4n 1+ T ||6 n ||i ||fc|| Ll \\Vh\\ L ~. 

Consequently 

\\Ql(h,h)\\ w i,oo ^ 4n 1+ T \\bnWx \\h\\ L i \\h\\ w x,«,. 
In the same way, since ^<I> n (r) r jn 1 ~ l ^ 1, one checks easily that 

||C£(V)||iyi,°o < 2n1Mi \\h(t) \\ L i < 2^ |^o||i Vte[0,T\,heH 

a 

Recall now the expression of the solution tp = ip 1 + ip 2 given in (|2..5|). It is easy to see that, for 
any t G [0, T] 

HV'WIk^ <expf-jf AJ»(t)<1t) ||^ol|oo + exp (- jf(Aft(i-)+BJ*(r))dr) ||V € Vol|oo 

+ ll^ollooexp (-^A^dA j" exp f- jf B^ds) ||V ? C^(r, -)||oodr 
so that, using again Lemma [2.2| : 
UHt)\\ w ^ < exp f ^ d + V Ml t\ \\Mw^ 



a \ 2 

i.e. 



2.. ...... ^^^ + 2 WU t ex P (fM 1 (i-r))dr 



+ ~Mn II^O 111 ll^ollooexp 



H^WIl^ < max (l,^ 1 ) exp f ^^- Mit) Ho\\w^ Vie [0,T]. 
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In the same way, 

U 2 {t)\\ w ^ < (1 - a) max(l, «) j* exp ^^±t^ Ml (t - s)\ \\Q n + (h, h)(s)\\ w ^ds 



Consequently, 

II /mil <- / 4||^o||l\ f f^jd + S) 

sup r ,» < max 1, — — exp Mi T 

te[o,T] V « M i / V 



// n (d + 3) 
exp Mit — 1 



4||V>o!|i\ 1 - a 8nL||V>o||i 
+ max 1, ' 



(2.9) 



aM x J a M 1 (d + 2>) 
Now, from ( [2.6[) , ([2.7|), fl2.g| ) and (|2.9|), one sees that, choosing for instance M\ = 4||^o||ij 



and 



M 2 = \\ Vo(e)|^| 2 d^, Cs = 4[ MO\Z\ 2+8 dt, L = -\^ \\ w i, 



2 [ log 2 1 / a (4 + 5) \ 1 , / a M x \ 

T = T^Ml W ' l0g I 1 + (l-a)2^J ' 2 l0g ^ + 2(1^) J 



log 2 |log(l-a)| 1 / a 2 (d + 3) 

log 1 + 



d+3' 4 ' d + 3 b V 4n(l-a), 

we get that ip E 7i, i.e. with the above choice of the parameters Mi, M2, Cg, L, T, one has 
T(H) C % (notice that with this choice, \i n M\ = v n M 2 ). Moreover, one can prove the following: 

Proposition 2.3. The mapping T : ~H — > C([0, T], L^K ')) is continuous for the topology induced 
by C([0, T], 7^(1^)). More precisely, there exists a constant C > suc/i i/iaf, /or any h\,h 2 € "H, 

sup ||T(M(*) - r(^)(t)|| L i < C sup ||/n(t) - h 2 (t)\\ Ll . (2.10) 
*e[o,T] te[o,T] 

Moreover, T(H) is a relatively compact subset of C([0,T], L^C* ))• 

In the proof of the above Proposition, we shall use the following result which is very classical: 

Lemma 2.4. Let h 1} h 2 G C([0, T], ^(M d )). T/ien, 

l|C^(t, •) - CJ^t, OHloc < ||Mill*»[U|fci(<) - ^(i)lki Vt > 0. 
Consequently, the following hold for any t > : 

|B£(t) - BUt)\ < a||bn||l ' l$?t1100 ( \\hi(t)\\ L i + \\Wt)\\ii 



x \\hi(t) - h 2 {t)\\ L i (- — { \ ul2 it + Tun 

and 

a||6 n ||lPn 



|A^(t) - A£ 2 (t)| < a \™^°° + HfcaWII^) 



■ H /?j(/) ~ / ' :2(/!|1 ^ ( r / mi<i2^ + rnf 
J R d^o(0 Ifrdf llwli 
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Proof of Proposition 2.S . Given hi, h 2 € H, we set ipi = T{h\) and ip 2 = T{h 2 ). Define also 

h = hi — h 2 and ip = ipi — ip 2 - 
The difference function ip(t,£) is a solution to the following problem 

wit, o + a^ 2 (*) ^(t , o + b^ 2 (oe • v^(* , e) + c^ 2 (*, , o 

= [cjk(t,e) -ckftO] + [Aj» a (t) - A n hl (t)} Mt,0 
+ [B n h2 (t)-B n hi (t)] (Z-VsMt,0) 

+ (1 - a) (QKhuh) - Ql(h 2 ,h 2 )) . 

We multiply this equation by sign(V>(i, £))(£) 2 an d integrate over M. d . It is easy to see that 



E-V^(U)] sign(^(i,0)(0 2 de 



l^(t,c)|div c (e(o 2 ) de 



-(d+2)u(t)\\Li+nm\\Li 



from which we get 
d 



dt 



where 



L i + (AJ» a (*)-(d + 2)BJ» 2 (t)) ||^)|| L i + 

2BJ» 2 (t)||^(t)|| L x+ / C^ 2 (t,C)|V(t,0l(0 2 d^/i + / 2 + /3 + /4 



/ 3 



|c^ 2 (i,e)-c^(t,0| l^i(*,OKO a dC 

|A^(t)-A^(t)|||^(t)|| L i 
\B n h2 (t)-B n hi (t)\ [ (^•V e Vi(t,e))sign(^(t,0)(0 2 de 



while 



/ 4 :=(l-a) / \Ql(hi,hi)(t,0-Q+(h 2 ,h 2 )(t,0\(0 2 ^- 
According to Lemma |2.4| , one has 

/i < IIMIill^lU \\hi(t) - h 2 (t)\\ lA \\il> 1 (t)\\ L i < (n-*\\b n \\i(Mi + M 2 )) \\mn\W- 
In the same way 



h < 



an 7 ||6 n ||i / d + 2 



( d + 2 K + ^)( Ml + M 2 f 



Mi M 2 
Now, it is easy to see that 

(C-V^i(t,0) signet, OXO 2 ^ 



^i(t,Odiv s (c(e) 2 )de 



< (d + 2)||V 



+ 2||^i (*)|| L i ^(d + 4)11^(4)11^. 
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Consequently, using again Lemma 2.4, one gets 



< ( d + 4 ) ( TT + ) (Mi +M 2 ) 2 ||fc(t)|U. 



VMi M 2 
Now, it is easy to see that 

h = (1 - a) HQ^/iiA) - Q+(/i2,M|Li = (!-«) ||Q+(/ii - /»2,/»0 - Q+(^A - MlLj 

< rc 7 ||Mi (\\hx{t)\\L\ + \\h2{t)\\ L {) \\h(t)\\L\ < 2nT||6 n || 1 (M a +M 3 )||/»(t)|| i i. 
Summarizing the above estimates, there exists a positive constant C n > such that 

d " -l L i + (A^(i)-(d + 2)B^(t))||^)|| i i + 



2B)» a (t)||^(t)|| i i + / C^(t,0l^(t,e)l(e> 2 ^ < C n \\h(t)\\ L i Vt € [0,T] 



Now, using Lemma |2.2| , we get that 
d 



12 



dt „rw„Ll - (/in Ml +I/ n M 2 )\\i>{t)\\ L l < C„[|ft^|| £ l. 

This finally yields the estimate 

sup -M*)ILli <C n rexp(%Mi + i/ n M 2 )) sup - /i 2 (t)|| L i 

tG[0,T] te[o,T] 

since V'i(O) = ^(O) = ipo- Let us now prove the compactness of T(7i). Recall that, according 
to Riesz-Frechet-Kolmogorov Theorem, the embedding 

Ll +s (M. d ) n VF 1 '°°(R a! ) C L#R d ) 

is compact. Moreover, L^QR^) is continuously embedded into (H m (R d ))' for m > d/2. On the 
other hand, 

T(H) is a bounded subset of L°° (^(0, T); L^ +(5 (lR d ) n W 1,oa (R* 

and, setting dtT{l~L) = {dt4> ; ^ = T(h), h € %}, one has 

$T(?0 is a bounded subset of L r ((0,T); {H m (R d ))'), 

with r > 1. As a consequence, one can apply [^j], Corollary 4] to conclude that Ti^H) is a 
relatively compact subset of C([0, T];Ll(R d )). □ 



We are in position to conclude the proof of Theorem 2.1 



Proof of Theorem 2.1. The proof is split into two parts: the first one consists in proving the 
well-posedness of the Cauchy problem (2.1) on the time interval [0,T] (where T > has been 
defined hereabove) through Schauder fixed point theorem. The second part consists in extending 
this solution to a global solution. 

Local existence: Since % is a closed bounded (non-empty) subset of C([0, T]; L\{R d y) an d since 
T is a continuous and compact application from % to "H, Schauder fixed point theorem en- 
sures the existence of some fixed point ij) 1 of T, i.e. there exists ip 1 £ C{[Q,T]\L\(W 1 )) n 
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L co ((0,T)-L 1 2+s (R d ) n W 1 ' 00 (R d )) solution to flO|). 



Global existence: Integrating the equation (2.1) over R d , we get 



d 
dt 



a 



y o||i 



y 0||l 



Since / ■0 1 (O, ^) = ||^o||ij we see that the density of ip 1 is conserved: 

JR d 

[ ^(t,OdC = [ MOdH Vi G [0, T]. 

JR d JR d 

In the same way, multiplying fl2.1|) by |£| 2 and integrating over M. d yields 



Since / ^ (0, £) I£| 2 d£ = / V'o(C) l£| 2 d£, the energy of ip 1 ^, £) is conserved: 

jR d jR d 

[ V(t,0\(\ 2 <%= I M0\t\ 2 ^ Vte[o,T]. 

jR d Jm d 

Thus, ^(T, .) has the same mass and energy as Since the time T only depends on these values, 
by a standard continuation argument, we construct a global solution ifi to ( |2.1| ), Uniqueness 
clearly follows from ( 2.1C| ). □ 



2.2. Uniform estimates. In order to prove Theorem |1.3| , we now need to get rid of the bound 
in W 1,00 (M. d ) for the initial condition and to pass to the limit as n — > +oo. 

Let 6 > and p > 1. Let ip € Ll +s (R d ) D L p (R d ) be a nonnegative distribution function 



satisfying (1.10). There exists a sequence of nonnega/tive functions (^q)^ e N hi W 



l,oo 



n 



L2 + s(R d ) that converges to m -^O^) an d that satisfies, for any n € N, 

ll^olll < ll^olll and \\iPo\\lp < ll^oll^- 
Moreover, if ?/>q G L*(R d ) with s > 2 then one may also assume that 



S — 1 I 



y 0| 1 



+ 2 



s-1 



(2.11) 



We infer from the above properties of (V'o)neN an d from ( |1.10| ) that there exists some Nq € N 
such that for n ^ No, 

-U / ^(0 d£ 1 and ^ I ^(0 d£ < d. (2.12) 



For each n € N, we denote by ijj n the solution to (|2.l| ) with initial condition ^>q. Our purpose 
is to show that (V>n)neN is a Cauchy sequence in C([0, T]; L^R^)) for any T > 0. However, this 
requires uniform estimates on ip n . So, we now tackle this question and show uniform bounds for 
moments of ip n . The underlying difficulty comes from the two terms and which already 
involve moments of order 2 + 7 and thereby prevent us from performing direct estimates. In all 
the sequel, we shall simply set 

A n (t) = Al(t), B n (f) = Bl(i), ra 6 N, t > 0. 
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We begin with proving that both A n and B n are bounded in Lj L oc (0, oo). Here again we first 
need to show uniform L p -estimates, which is the aim of the following lemma. 

Lemma 2.5. There exist some integer JVi ^ Ao and some constant C > depending only on a, 
p, d and 7 such that, for all n ^ N\, 

Hn(t)\\LP <e ct Uo\\lp, t^O. (2.13) 

Proof. For n G N#, we multiply (1.8) by p^n^i £) p_1 an d integrate over M d . An integration by 
parts then leads to 

^||^„(*)||£p = (dB n (t)- P A n (t))\\Mt)\\ P LP 



-apt Q^nM^OM^O^ 1 ^- (2-14) 



First, since p > 1, we have, for n ^ No, 

< a(d(p - 1) + 2p) [ Ql^ n ,^ n )(t,0^- (2-15) 

But, since 7 E (0, 1], 

*n(i£ - < le - &p < ler + ie.p. (2.16) 

Consequently, 



/ 



e^(^n,^)(*,0^<2||6 n || 1 / |er^„(t,OdC<2||6||i(l + d). (2.17) 



Thereby, we obtain a bound for the first term in the right hand side of ( p. 14 ). We now need 
to estimate the two remaining integrals. We first notice that, due to the symmetry, we can 
reduce the domain of integration with respect to a to those a that satisfy (£ — £*, a) ^ 0, which 
corresponds to € [0, 7r/2]. This amounts to taking b n (x) = l{o<a:<i-l/n}fr(- E ) in the collision 
operator Q where 

b(x) = b(x) + b(—x). 

Then, for some fixed 9q £ [arccos(l — l/n),7r/2], we split b n as b n = b n)C + b n ^ where 

b n>c (x) = l{O <x ^ cos o } b (x) aIld b n,r( X ) = ^cos e ^l~l/n}K X )- 

It is important to point out that b n ^ c and consequently the norm ||&nc||l do not depend, on n but 
only on 6q. This splitting leads to the corresponding decomposition of the collision operators: 

Q\ = Q n + C + Q n / and Q n _ = Q n J c + Q"' r . (2.18) 

We first consider Q™' r and <2™' r . We have 

Q^iipnM^OMt^T' 1 ^ > 0. (2.19) 
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Then, for the integral involving Q"' r , the change of variables (£,£*) — > (£',£*) yields 

JR d 




/§ d -! 

Now, we have 

P P 

and (see |l], Section 3, proof of Lemma 1] or p| , Eq. (2.7)]) 

/ / 4>n(t,£') p l {coseo ^ cose ^ 1/n} b(cos6)<S> n (\{,-£*\)dcrd£, 

■/R" Arccos(l-l/n) Vc 08 ^/ 2 )/ COS d ((9/2) 

Then, thanks to the inequalities 

*n(l£-£*l) < *n(|£|) + |&| 7 and $ n fKZ-Mj^ A~ 7 $n(|£-£*|), VO < A < 1, (2.20) 
we get 

JR d 

s$ \S d - 2 \ / 6(cos0)(l + (cos (0/2)-^) sin d - 2 (0)d^ 

•/ arccos(l — l/n) 

X (^^n(^6 P ^n(|C|)dC+(l + d)|^nW|li P ) ■ (2.21) 

Let us now consider Q™' c and Q™' c . We proceed as in the proof of Proposition 2.4]. Since 

*«(|^-6|)^*«(lfl)-|^r. ( 2 - 22 ) 

we deduce that 

/ S- ,C ^n^n)(t,e)^n(t,0 P_1 d^ Jll^clll / ^n(*, £) P *n(l£l) d£ 
JM d * JR d 

~ ||6n,c||l (1 + d) Un{t)\\lv (2-23) 

On the other hand, 

/ Q n + C (^n,i'n)(t,0Mt,0 P ^^ = Jl + J2, (2.24) 
JR d 

where 

Ji= I I M^OM^O^^M^O^Kc^ose^n^-^dad^d^, 

jR^d J S d-i 

J2 = j I M^OM^Q^^'^M^O^bnAcose^niic-^dad^d^, 
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with r > 0. Performing the same calculations as in the proof of [11, Proposition 2.4] and using 
the same notations, we prove easily (using again ( [ )) that the following hold for any /xi > 
and any ^ > 0: 

h ^ (cos(7r/4))- d ^ ( 1 - -) A^IIMi ( I Mt, P *n(le|) + (1 + d) HVnWIli, 

+ -Mr 1 HMIi (l + ^ 7 + rf) IIM*)II£ P (2-25) 
p 

and 

j 2 ^ (sin(0 o /2))^ (l-^WllMli (^j Rd Mt,O p ^nm)^ + ^\\Mt)\\l^ 

+ ^—\Kch([ Mt,O p *nm)dt + (i + d)u n (t)\\%)- (2.26) 

P \JR d J 

It remains now to choose the parameters 9q, fii, and r so that all the terms involving 
JlRd i/>n(t, P ^n(|C|) d£ that appear in the gain term can be absorbed by the one appearing 
in the estimate of the loss term. Precisely, we first choose 6q small enough such that 

r9 _ 

|S d ~ 2 | / 6(cos0)(l + (cos(0/2)- d " 7 ) sm d - 2 {0)&9 < a\\b n , c \\i 
Jo 

for some a > to be determined later (recall that ||6 nc ||i only depends on 9q). Then, we choose 
[i\ big enough and /i 2 small enough such that 

(p — l)(cos(-7r/4))~ c( ~ 7 /i^ 1 ^ ap and (J,?, 1 ^ ap. 

Finally, we choose r big enough such that 

(p-l)^^))-^ 7 ^ 1 ^^- 

Let N\ G N* be such that N l ^ max 1 1 _ c ^ s g Q , iV }- Gathering ( pl5|) , (pl7|) , ( ^T8| ), (pT9| ), 
(|2T2ll) 5 ( p3|) , (gjg ), p^5| ) and ( f2~26| ) we conclude that, for n ^ N h 

h\Mt)\\ p L P ^ 8(1 ~ a * op ~ " P IIMi / Mt,O p $nm)dt + c\\Mt)\\ p LP 

at i j^d 

for some positive constant C that only depends on a, &(•), p, d, /xi, r and 7. Taking then 

a = i6(f^y we § et 

ap 



^ ii^nW||£p + 



IVdli / Mt,O p ^nm)d^c\\Mt)\\ p LP . 

JR d 



Recalling again that ||6 n ,c||i does not depend on n, the Gronwall lemma and the inequality 
||V>o h p < UoWlp then imply that (|2~13| ) holds. □ 

We now deduce from these iT'-estimates the following lemma, which implies that A n and B n 
are uniformly bounded in (0, 00). 

Lemma 2.6. Let T > 0. There exists some constant C depending only on a, d, 7, p, T and 
IIV'oIIlp such that, for n ^ N\, 

[ [ Vn(a)l£| 2 <Ml£|)d£dt <C. (2.27) 

Jo JR d 
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Proof. Let n ^ N x . For s G (0,2), we multiply ([O]) by |£| s and integrate over R . Integrations 
by parts then lead to 

+ ^ / / ^(i,o^(t,e*)^(ie-e*i)^ s n (e,e*)^de* 



2 

-at Q n ^n,^n)(t,0\H\ S ^, (2.28) 

where we set Y?(t) = / ip n (t, f) \£\ s d£ and 
J«. d 

K?&t m ) = [ i { |ooBfli<i-i/«}6(a«f) (ief + - ler - i&r) ^. 

By H, Lemma 2.2 (ii)], one can write K?(£,&) = - with 

< and [G?(£,£0| ^ ci \^\ s /\ 

for some constant c\ depending only on b(-), s and d. Integrating the previous inequality between 
and T, we get 

Y - (0) + 2&mmf £ (1 1(12 s "-<*"«<^) ™* 

<i7(r) + iiMi/ / / $n(ie-e*i)ierv'n(r ! e)V'n(r,e*)dcde*dr 

JO JR d JR d 

T f T f I ^-^\)\^\ s/2 \^\ s/2 Mr,0Mr,^)^d^dr, 

1 JO JR d JR d 



+ 

since s < 2 and < a < 1. We then deduce from ( gig ), ( gig ) and ( f2~22"D that 



+I?(T) + H6.ll! £ (y s " +7 (r) + Y"(t) 1?(t)) dr + Cl £ Y s n /2+J (r) Y s n /2 (r) dr 
Taking s = 2 - 7 and using that for any v G (0, 2), Y™(r) < Y n ("r) + Y 2 n (-r) < 1 + d we get 

So {L®^ ^ |2 ^ (r '^ de ) y 2- 7 (r)dr < C, 
for some constant C depending only on &(•), a, d, 7 and T. Now, for R > and p > 1, 

and, by the Holder inequality, 

r / M-l| B d \ P/(P _1 ) / led— 1 1 z?d\ P/(P-!) 

Thus, ( |2.27| ) follows for i? small enough. □ 
We are now in a position to prove that moments of ip n remain bounded uniformly in n N\ . 
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Lemma 2.7. Let T > and s > 2. Assume that HV'olli 1 < °°- Then, there exists some constant 
C depending only on b(-), a, d, 7, p, s, T, HV'oIIlp and HV'oIIl 1 such that, for n ^ N\, 



sup f Mt,0\Z\ s d^C and [ T [ Vn(t,6^(|el)le| s dedt^C. (2.29) 
tefO.Tl JR d JO JR d 



te[o,T] JR d Jo JR d 

Proof. Let s > 2 and n ^ N%. Our proof follows the same lines as the proof o f p^ , Lemma 4.2]. 
We use here the same notations as in the proof of Lemma 2.6. As previously, ( |2.2S| ) holds. Now, 
by [17, Lemma 11], we have 

for some constant ci depending only on s and d and 

c 2 (n) = 2~ s tzl |§d-2| f l {|cose|a _ 1/n} ( m i n {cos0,l-cos^}) s &(cos0)d0. 
2 Jo 

Thus, by ( gTTg ), ( |2~T^ ), ( p~20|) , ( ggg ) and the above estimate, fl2~28| ) yields 
Ay-( t ) <; ^ HMkW) Qf j£| 2 ^|)Vfe(t,0^) +^ ||Mi 

+ ci / / ^(t,o^(t,e*)(ier + ie*r)iei s ~ 7 ic*idedc* 

(1 - a) c 2 (n) 



& JR d JR d 

Consequently, 

di 2 ,/ R d 

< f iMiiirw (jf, iei 2 $n(iei)^(t,6de) + s||b " lll 2 +C2(re) 

But, for each n 2, 

< 02 (2) < 02(71) < c§° := 2~ s |S^ 2 | / (min{cos 9, 1 - cos 9}) s 6(cos 0)d0. 

Hence, since T s ™ 7 (t) < F s n (i) + 1, setting 

, ^ 2s 11, , /" i>.2* 1 / , /-\ j >■ (s||6 ri ||i + c2° + 4ci)(l + d) 

M*) = -7- ||Ml / |g| 2 $n(|g|)^n(U)d£ + ^ — " 

a j R d 2 

we obtain 

^;w + (1 "" )C2(2) / Mt,o^nm)\^\ s ^Kh n (t)Y s n (t)+ cl (d+i). 

at 2 j R d 

Then, ( ^29|) follows easily fr om the Gronwall Lemma, (|2.11| ) and Lemma |2.6| . □ 

Let us now prove that the sequence of solutions (i/j n )n is a Cauchy sequence in some suitable 
space. Precisely, we state the following: 

Proposition 2.8. For any T > 0, the sequence (ip n ) n is a Cauchy sequence in C([0, T]; L3> 
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Proof. Let T > be fixed and m ^ n ^ N\. For simplicity, we set 

<p(t,£) =*Pm{t,0-Mt,0 and fr(t,0=sign(¥>(t,0)<0 2 > 
for any G (0,T) x Then, it is easy to check that (p(t,£) satisfies 

dt<p(t, + A m (t) <p(t, + B m (t) e • V(^(t, £) = 

+ [A n (t) - A m (t)] $ n (t, + [B n (t) - B m (t)] £ • VV„(t, £). 

Multiplying this identity by h(t,£) and integrating over R d , we get 
d /* 

- + A m (t) \\<p(t)\\Li + B ™W / (£ • V( /^ 0) 0^ = W*) 

where X m , n (t) = >n (t) + 2^ >n (t) + >n (t) with 

2^ n (t) = [A n (t) - A m (t)] [ Mt, OKt, Ode 

+ [B n (t) - B ro (t)] / (£ • Vi(t, 0) Ode, 

2* jn (t) = -« / [Q™(v m ,^ m )(t,o - e!i(^n^n)(t,o] mum?, 

and 

4 l) „(t) = (i-a) / [Q m (v m ,v m )(t,o-Q n (^,^)(t,e)]^,e)de. 



Define 



Ml(t)= [ Q*(Vfc,^fc)(*,0de, M|(t)=/ |£| 2 Q*ty> fc ,^)(*,0d£, kM. 
Using the fact that 

/ (t-v<p(t,z))h(t,t)d$ = -d [ \<p(t,o\dc-(d+2) [ b(t,onei 2 de 

JR d JR d JR d 



and, since 



A m (t)-dB m (t) = -_^_M^(i) 



olli 



A^)-(, + 2)B mW = -j—-—^), 



we get 



lb(OllLi-ii^nrM^(t)||vWllLi 



^^(OI^^ I'^^'^^'W- (2 - 30) 
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We estimate all the terms of X m ^ n {t) separately. We follow the method of proof of p2| , Theorem 
4.1]. We begin with 2* (i). Setting Q n _ (g,g) = gL n (g) with 



L n (g)(o = \k\\i ! Me - e*i)5(e*)d^, 

JR d 



we get 

Q-{lpn,1pn) ~ Q-(lpm,lpm) = -^L n (lp n ) - lf) m L n ((f) + 1p m {L n (tp m ) - L m (lp m )) . 

Therefore, 

^,n(*)<-« / i^,e)^n(^)(t,c)(0 2 de + a / (OVmftOAiCMXUK 

Rd Rd (2 31) 

+ a f <£) 2 ^ m (U) \L m ^ m ){t,0-L n ^ m ){t,0\di 



One keeps the first right-hand-side term as it is and denotes respectively by T^ n (t) and Im%(t) 
the second and the third ones. One has 

z^(i) = c#nili / / (e> 2 v- m (t,oi^,e*)i^n(ie-e*i)d^de 

JR d JR d 

Since ||6 n ||l ^ \\b\\i an d since 

*»(l£-£*D <^n(iei) + (^> 7 

one gets the estimate 



2£ n (i) < a U&Ui \\<p(t)\\ L i / $n(|el)^m(t,0(O j! de+ HVmWIlii |]vC*)ll 



Therefore, there exists C > (independent of n and m) such that 

i^w ^ c ( 1 + f Rd $ m(iei)^m(t,e)(e) 2 de) ii^wii^ v* e [o, n vm^n^i. 



(2.32) 

We estimate now Zm 2 n(i)- To do so, we follow exactly the proof of Theorem 4.1]. Notice 
first that 

\L m (ipm)(t,Q-L n ('ip m )(t,£)\^\\b m -b n \\ 1 / $m(\t-t*\)ip m (t,£*)d€* 



+ llMli / (Ml£-e*l)-<Ml£-£*l))Vvn(a*)d£* 

JR d 

Since ||6 n ||l ^ ll&l|i> one argues as above and gets that 

zgU*) < ii^-Mi fii^mWiUi / $m(iei)^ m (i,0(0 2 de+ ii^wiLi ii^wiIli 



+ a||6||i / / ($ m (\£-^)-$n(\Z-^))i>m(t,0i> m (t,ti*)(0 2 dtid^. 

JR d JR d 

Now, since 3> m (r) — $ n (r) = if r ^ n, one gets that 

I^nW < ||6n»-Ml ( I ^m(\m m (t,0(0 2 ^+\\^ m (t)\\ L i ||^m(OII^ 

+ a||fe||l / (* m (^-e*l)-^n(|e-e*l))^m(i,0^m(t,^)(0 2 d^, 
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and one estimates this last term exactly as in [22, Proof of Theorem 4.1, p. 489]. Precisely, since 
{If - f*| > n} C {|f | ^ n/2} U {|£*| ^ n/2} and since 



(<Mlf <M|f " f*|)) < <M|f " 61) < ^m(lfl) + |f*| 



we get 



Miei)«t,o^m(u*xo 2 d£d& 



{|C|3=n/2}U{|?»,|>n/2} 



+ 



{|f|>n/2}U{|6IW2} 



$m(|f|)^(t,f)(0 2+5 df+ / / <l>,„l|fl>r,„(/.;)a J di 

5 



^m(t,f)^m(t,f*)(f) 2 |f*rdfdf* 



+ 



"i ' "l\\L\ 



v> m (t,f)(f) 2+<5 df + / v m (u*)<e*) 7+<5 df* . 



We set 



F m (t) = l + / <Mlf|)V' m (U)<£> 2+<5 df, t e [o,T]. 



Recall that, according to Lemma 2.7, i/ m is uniformly bounded in L 1 (0,T). Now, one sees that 
there is a positive constant Ct > such that 



^%(t) < C T H m (t) (\\b m - 6 n ||i + Vi € [0,T], Vm^n^ N x . 

Gathering ( pT3l|) , (|T3|) and ( ^33| ), we finally get that 



(2.33) 



^m,n(*) ^ C T H m (t) 



:1 + I — Ml + 



a / |^(t,e)|L n (^)(i,f)(f) 2 df (2.34) 



Let us consider now Z^ ra (i). As above, one uses the fact that 

(f • VVVi(t, f)) fc(t, £ )df = -d / sign(p(t, e))V«(t, f Mf 



-(d + 2) / signet, f))Vn(U) If I'df 



Therefore, 



[Ml (t) - M^i)] / signet, e))Vn(t, f )df 



aMi(t) 
a 



^lli 



sign(^(i,f))^ n (i,f)df 



; R ^o n (f)ifi 2 df 



[M^-M^i)] / signet, £))V„(t,f)|f| 2 d£ 



/ R ^ n (f)lfl 2 df J M ^ m (f)lf| 2 df 



sign(^(i,0)V'n(t,f)|f| 2 df 
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First, we observe that, from the definitions of M^ n (t) and M^(t) together with ( 2.17 ) and (|2.20| ), 
we have 



MKt) / signet, 0)^n(*,Od£ 



< 2 ||& w ||i ||V»„(t)|Ui ||^m(*)|lii < 2 Hftlli (1 + d) 2 , 



and 



M^(i) / sign(^,£))^ n (i,£)|£| 2 d£ 
On the one hand, we have 



< ||6 m ||i(l + d) 3 H m (t). 



< IIV>n(t)||l = 11-00 111, 



and, on the other hand, with the above notations, one gets that 

[M*(t) - MUt)] = - ! <p(t,£)L n (il> n )(t,Z)6£- [ i/> m (t,£)L n (<p)(t,t)dt 

JR d JR d 

+ / 4m(t,$(L n ty m )(t,S)-L m ty m )(t,€))d$. 



We estimate the two latter terms as we did for Im]n(t) and Zm%(t) and we obtain the existence 
of a constant Ct > (independent of m and n) for which the following upper bound holds: 



a 



— [M^-MKt)] / signMt,£))Vn(i,Od£ 
bill JR d 

Ll + \\bm-b n \\ 1 + ^-)+n I [s(I.U\L„(r„)i!.^K. 



n" 



In the same way, 



a 



[M 2 n (t)-M 2 m (t)) / sign(^,0)^(t,0ie| 2 ^ 



<a/ i^oi^n^^oiei^ + a / <M*,OMi¥>i)(*,oi£i 2 d£ 

+ a / ^m(t,0l^n(^m)(t,0-An(^m)(t,0ll^| 2 dC- 



Therefore, we obtain, arguing again as in the estimates of 2m,n(^) an d Z^ n (t) that 



/ K ^o n (0iei 2 de 

< Ct H m (t) 



[M 2 n (t) - M 2 m (t)] / signet, 0)Mt, ie| 2 d^ 

Li + ||6m-6n||i + -y) +« / |¥>(t,OIA»WvO(t,f)d£ 



for some positive constant Ct depending on T but not on n, m. Summing up all these terms, 
this yields the existence of a positive constant Ct > (different from the previous ones but still 
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independent of m,n) such that, Vm ^ n 



l^ n (t)^C T H m (t)(\\ip(t)\\ Ll + \\b ri 



Mli + -t + 



y 6IU 



Till 



+ 



/ R -^(Oiei 2 ^ / R ..^(oiei 2 ^ 



+ a 



\ip(t,0\L n ^ n )(t,0(0 2 ^- (2.35) 



Gathering fl2.34|) and ( 2.35| ), we finally obtain the existence of some positive constant Ct, inde- 
pendent of m ^ n ^ 1 such that Vm ^ n ^ Ni, Vt G [0,T], 



+ < c T ^ m (t) M^(t)|| L i + ||&„ 



Mli + — ? + 



71° 



Tli 



Till 



+ 



The term Z^ n (i) is estimated exactly in the same way (reproducing exactly the arguments of 
1 22, Theorem 4.1] and the above ones). Therefore, turning back to ( 2.30| ), we finally obtain an 
estimate of the type 



d_ 
df 



L x ^C T H m (t)[\\<p{t)\\ L i + \\b r , 



Mi + \ + 

n° 



Til 



Till 



k*mt)\t\ 2 <% j Rd mt)\t\ 2 <% 

for every t G [0, T] and m ^ n ^ N±. Again, since sup m fT H m (t)dt < oo according to Lemma 



.7, we deduce from Gronwall's Lemma that there is some positive constant C\{T) such that 

{t)-Mt)\\a <C x {T)(\\br, 



sup 

te(o,T) 



for m ^ n ^ Ni, which yields the result. 



Ml + 



1 


■ + 


1 1 






IICIIi ll^o m lli 




+ 




1 


i 




^ n (e)iei 2 de j Rd ^(o\^\ 2 ^ 



□ 



2.3. Well-posedness for the rescaled equation. We are now in position to prove that the 
rescaled equation ( |1.8[ ) is well-posed. Before this, we notice that the same arguments of those 
used in the previous Proposition apply to the rescaled (non truncated) Boltzmann equation. 
Precisely, one has the following stability result: 

Proposition 2.9. Let T > and let ip,tp G C([0, T];L\) n L°°(0, T; L\ +s ) n L^O, T; ^2+7+5) be 
two solutions to ( |1.8| ) with initial data tpo,tpo satisfying ( 1.10[ ). Then, there exists Ct > stic/7 
that 

WW) ~ vWhl < ||^o-yoLiexp(C T ) ViG [0,T]. 



Proof. The proof follows exactly from the same argument of the previous Proposition 2.5. Pre- 
cisely, since tp,ip G i 1 (0, T; ^2+7+5)' one ^ as 

/ max(|A^(t)|, |A v (t)|, |B^(t)|, |B v (i)|) dt ^ C T < 00. 
j 



ON BALLISTIC ANNIHILATION 27 

Then, setting F(t,£) = tp(t,£) - <p(t,g), multiplying by H(t,£) = siga{F(t, £))(£) 2 the equation 
satisfied by F and integrating over R rf , we get 

^||F(t)|| L i < \{t)\\F(t)\\ L \ +Xi 9 (t) +Zi tp (t)+ll v (t) 

where A G ^(O,! 1 ), 

X^(t) = (A„(t)-A^(t)) / ^,o^(t,ode 

Z?,*(') = "« / (Q-fcM) - S-(¥W))#(*>£)d£ 



+ 

while 



and 

r3 



4,^) = (!-«) / ( w> - cfo ?)) # (*> Ode 

One obtains, as in Prop. | 8] that 

X\^t) = a [Mj(t) - Mj(t)] jf ^sign(F)d£ + ^ [M$(t) - M* (t)] /_ ^ S ign(F)|£| 2 d£ 



where 



Mj,(i) - M*(t) = (q-(^)&0 - G-(y,y)(t,0)^ 

if (t, o^wofo o + ewx*, e) ) de, 



and 

Mj(t) - M^(t) = (o_(^)(t,o - s-(^)(U)) iei 2 de 

Using the fact that 

JR d JR d * 

one deduces as in the proof of Proposition 2.5 that there exists some positive constant c 7 > 
such that 

< « / l^foOI^WOftO® 2 ^ + c 7 ma X (||^(t)|| L i )||F(t)|| 
* v 2+7 2+7 y 

In the same way, 

4, v (t)<-a/ |F(t,0TO)(*,0<0 2 ^ + Crll^)IUj + II 

JR d +7 

Finally, using that 



2$ >v (i) < Cy max(||^(t)|| L i 
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we get that there exists some function A € L 1 (0,T) such that 

A||F(t)|| L ^A(t)||F(t)|| L i WG[0,T] 
which gives the result. □ 



The existence of a solution to ( fLq) comes now from Proposition [2]^. Indeed, let us denote 
tp = i/)(t, £) € C([0, T]; L^K^)) the limit of the Cauchy sequence (ip n )neN- First, one notices that, 
according to Lemma |2.7| and Fatou's lemma, 

sup I ^(t,Z)\Z\ 2+s d^C, and Fdt f V(i,e)l^| 2+7+5 d^C, 
te[o,r] JR d JO JR d 

which proves that 

V G L°°(0, T; Ll +s (R d )) D ^(0, T; Li +7+5 (M d )). 

The above estimates, together with Lemma ^7], the convergences of (V'o)nGN an d (VVi)neN enable 
us to pass to the limit in ( |2.1| ). We finally get that ^ is indeed a solution to the annihilation 



equation ( [Op in the sense of Definition 1.2 



3. Moment estimates 
We now prove uniform in time estimates of higher-order moments of the solution to (|L 



yielding to a proof of Theorem 1.4. We fix a nonnegative initial distribution ipo satisfying (1.1C ) 
and such that 

iP £L 1 2+1 (R d )nLP(R d ) 

for some p > 1. Let then tp G C([0, oo); Ll(R d )) D Lj oc ((0, oo), L^(R d )) be the nonnegative 
solution to (L8)-(L9) constructed by Theorem |1.3| . We define, for any k ^ 0, the following 
moment of order 2k: 

M k (t)= ( ^(a)l£| 2fc d£ k^O. 

JR d 

Using ( |1.8[) , one easily gets that M k (t) satisfies the following identity 



±M k (t) = -(A i ,(t)-(d + 2k)B lp (t))M k (t)+ [ B(^)(U)|£| 2fc d£, t > 0. 
dt Y J R d 



Let us define 



so that 



*v(i)=/ Q-(^,v)(t,o^ and w(i)=/ s_(^,v)(t,oiei 2 de 



A v(0 = _ f (d + 2)a v ,(t) + ab^(t) and B^(t) = ~a^(t) + ^lty(t). 



Then, M k (t) satisfies 

k(t) + Q (/!-%p t (t) = ^(<)M fc (t)+f B(V,V)(a)l£| 2fc de (3.1) 
at Jm d 

In order to estimate in a precise way the last integral involving M(ip,ip), we shall resort to 
Povzner's estimates as derived in [HI. 
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3.1. Povzner-type inequalities. For any convex function $ : 



one has 



where 

Clearly 
with 



,m,om\ 2 w= / w,t)i>(t,&)\z-&\'w*{s,&)dzdz* (3.2) 



b(cos6)dcr. (3.3) 



(1 - a )mr) + a - «)*(is.r) - ^ den - <*Kie*n 



W$(e,^) = (1 - a)g*(M*) - 2 (*(l£| 2 ) + *(l&[ 2 )) 



*(im+*(l£r) 



6(cos #)do~ 



where we recall that we assumed = 1. The following lemma allows to estimate £?$(£,£*) for 
any convex function $>. 



Lemma 3.1. Let $ 



be convex. Then, 



1 



1 + 17 -a 



1-U-a 



b(u ■ a)da (3.4) 



where E = |£| 2 + |£*| 2 . 

Proof. We give a very short proof of the Lemma, referring to [|fl for the general strategy. For 
any fixed set 

{ + «. 



Then, cos 6 = u ■ a and 



J/|2 1+A£/-<7 ^ |e/|2 „l-AC/-a 



£ =E- 



while |£,| 2 = £- 



l«l \U 



where A = 2 1. Since is convex, one can prove as in |||] that, for any fixed x, y > 0, 

E 

the mapping i i— > $(cc + ty) + 3>(x — ty) is nondecreasing and, because A ^ 1, we have 



m'\ 2 ) + m:\' z ) = $[E 



I \2\ 



€§\E 



,1 + XU-a 



+ $> \E 



l-XU-a 



1 + U -a 



+ $\ E 



1-U-a 



Since £>(•) is nonnegative, this gives (|3.4| ) after integration. 

With the special choice <£(x) = x k , k ^ 1, one has the following estimate 
Lemma 3.2. For any k ^ 1, one /tas 

le| 2fc dC < -(1 - ft (a)) M k+l (t) + 5 fc (t) 



□ 
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[*±i] 

S k (t) = (3 k (a) E ( J ) ( M ^'+i (*) Mfc "^ + M ^-i+i (*) 



where [2^] denote the integer part of /3/%(a) = (1 — a)^fc anc ^ 



(l-&(a))M fc (t)Afj(t) 



6(cos 0)dcr. 



(3.5) 



Proof. One applies the above estimate (|3.4|) with the convex function $(a?) = x fc to get 



where E = |£| 2 + |£*| 2 . One gets therefore 

w*&£.) < a - p k (a)) (\z\ 2k + ie*i 2fc ) + \Pk{a) [ (iei 2 + ie*i 2 ) fc - id* - ie*i 2fc ] 

where (1 — (3 k (a)) > 0. Consequently, 

/ B^,v)(t,oiei 2fc d^-(i-/3 fc (a)) / v(i,e)iei 2fc de / V(U*)l£-£*l 7 d£* 



+ 



[ rp(t,omm - e*i 7 [ (iei 2 + ie*i 2 ) fc - iei 2fc - ie*i 2fc ]d^. (3.6) 



One then applies ||, Lemma 2] with x = |£| 2 and y = |£*| 2 and uses the estimate 

ie-£*i 7 ^iei 7 + ie,p 

to get 

/ B(^V)(t,Ole| 2fe d^-(l-/3 fc (a)) / V(i,0l£| 2fc d£ / ^(i, " £*l 7 d£* 

JR d JR d JR d 



+ E ( j J ( M i+7/2(*) M fe ^(t) + M,(t) M fe _ j+7/2 (t)) . 

To estimate the nonpositive term, one notices that 

and gets 

/ Ht,m\ 2k dZ [ ^{t^M-i*V^*>M k+ x{t)-M k {t)Mx{t). 

JR d JR d 2 2 

This clearly yields the conclusion. □ 

Remark 3.3. It is easy to check that gi = \\b\\i = 1 and that the mapping k > 1 i— y g k ^ is 
strictly decreasing. 
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3.2. Uniform estimates. Thanks to the above Lemma, we can derive uniform in time estimates 
of M k (t) for k = 1 + 3r. Precisely, one has the following: 

Proposition 3.4. Let 

1 - Qi+1 

«o = — - a — e(o, l] 

i + i - 

where g k is defined by ( |3.5| ) /or any A; ^ 1. Then, if < a < ao> ^ere exists a constant M 
depending only on a, 7, &(•) and d such that the unique solution ip(t) to (1.8) satisfies 

supM 1+ i(t) ^ max{M 1+2 (0),M) . 
Proof. Let us fix A; > 1. Since a^(t) ^ 0, one gets from (|3.l| ): 

-^M fc (t) < ^b^M^t) + / B(^)(i,0 lel 2 "^. 

Now, we recall that 

so that, since |£ — £*| 7 ^ |£| 7 + |£*| 7 , one has 

W(*)<M 1+ i(t)+Ma(t)Mi(t)<M 1+ a(t) + ^(l + |) 
where we recall that Mi(i) = Mi(0) = | for any i ^ 0. We get therefore 



df 



2a k d f 

M k (t) < —M l+ x{t)M k (t) + ak(l + -)M k (t)+ / B(^ i/>)(t, |£| 2fc d£. 



Now, one estimates the last integral thanks to Lemma 3_^2 and get 

±M k (t) + (1 - ^(a))M fc+i (t) < S k (t) + ^M l+i (t)M k (t) + afc(l + ^)Af fc (t). (3.7) 
Using now Holder's inequality, one has, for k ^ 1 + Z, 

-J (M fc (*)) and M 1+i (i)^UJ (M fc (t))»-' 

where we used again that Mi(f) = | for any t ^ 0. With these estimates, ( [3.7D becomes 
d , , ,. s / 2\ 2^2 , , T ^ / n , ^ . c/ s 



-M fc (t) + c QjM (^-J (M fc (t)) i+ ^ < S k (t) + afc(l + -)M fc (t), (3.8) 
with 

c a ,k,d = 1 - - ock = 1 - g k + a(g k - k). 

Notice that 

c a ,k,d > <=► < a < ^— ^. (3.9) 
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Taking now k = 1 + ^ in the above inequality ([T^) and using the explicit expression of S 1+ x(t) 
we find 

^M 1+i (t) + c ajl+ 2 d 0)M 1+i (t) 2 ^/3 1+ 2(a)( 1+ J \ (M l+ x{t)M,_{t) + M 1 {t)M 1 {t)) 

+ (l-/3 1+ a(a))M 1+ j(t)M i (t) 

+ a(l + l)(l + ^)M 1+} (i). 

Since 7^1 and M\(t) = ^ for any t ^ 0, it is clear that Mi(t) and M^(t) are uniformly bounded 

by 1 + | so that there are two positive constants Cq, C\ > depending only on a, 7, &(•) and d 
such that 

d 



:(*) + c a , 1+i)d 0) M 1+i (t) 2 < C M 1+i (t) + Ci Vt > 0. 
Therefore, using ( ) and some comparison principle, we get the conclusion. □ 



— M 1+x 1 



Remark 3.5. XTie parameter ao depends only on 7, d and i/ie collision kernel b(-). In particular, 
in dimension d = 3, /or constant collision kernel b{) = — (recall that ||6||i = lj anc? wi/i 7 = 1, 

one /ias £3 = — ana ao = — • 
25 7 

Notice that the above result allows actually to deal with higher-order moments: 

Corollary 3.6. With the notations of the above Theorem, ifO < a < ao then the unique solution 
V'(i) to (1.8) satisfies for any k 1 + ^ 

M fc (0) < 00 => supM fc (t) < 00. (3.10) 

Proof. The strategy follows classical arguments already used in Q, the crucial point being that, 
for k 1 + ^, the first term in the expression of S k (t) : 

r *±i, 



5*(t) = /3 fc (a) E ( J ) ( M ^'+i (*) M *-i(*) + M fc-i+f(*)) 
j=i 



[1 - (3 k (a))M k (t) M x (t) 



involves only moments of order less than max{£; — 1 + ^, [^y^-] + 2 } ^ max{/c — ^, [^rp] + ^} 
since 7^1. 

First observe that mass is conserved and thus, using classical interpolation, it suffices to prove 
the result for any k ^ 1 + ^ such that 2k € N. We proceed by induction. Since 7 € (0, 1], the 
first step consists in checking that the result holds for k = 3/2. We shall come back to this point 
later on. Let k > 3/2 such that 2k 6 N. Let us assume that for any j satisfying 2j £ N and 
1 ^ j ^ k — 1/2, there exists Kj > such that Mj{t) ^ Kj for any t ^ 0. Note that for such a 
k, then max{k — ^, [^-^-] + ^} = k — ^. Consequently, the induction hypothesis together with 
the fact that Mi (t) is uniformly bounded imply that 



2 



S k (t) ^ C k + A k M k (t) 
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with A k = (1 - /3 fc (a))(l + 5) and 



[*±i] 



Then, from (13 



^M fe (i) + (1 - &(«)) M k+ x(t) ^C k + U k + ak(l + -)) M k (t) + 



(t)M k (t). 



Now, from Theorem 3.4, as soon as a E (0, Oq), sup t ^ M 1+ 2(i) < 00 and the above identity 



becomes 



^Mfc(t) + (1 - &(<*)) M fc+ i(t) < C fe + £ fc Af fc (t) 



for some explicit constant B k > 0. From Jensen's inequality, one has 

M k+2 (t) ^ (M k (t)) 1+ ^ 

from which the above differential inequality yields the conclusion. 

It only remains to check that ( 3.1 0| ) holds for k = 3/2. If 7 = 1, it directly follows from 
Theorem 3.4. Otherwise, we have max{& — i, [^^-] + ^} = max{l, [| ] + ^} = 1 + ^ and we 
deduce from Theorem 3.4 and usual interpolations that 

S3/2W < C3/2 + ^3/ 2 M 3/2 (t), 

for some constants C 3 / 2 > and A 3 / 2 > 0, which leads, following the same lines as above, to the 
desired result. □ 



3.3. Lower bounds. We shall now use Lemma 3.1 to derive suitable lower bounds for the 
moments of ij}(t,£): 

Lemma 3.7. For any 7 £ (0,1], there exists a* € (0,1) such that, for any a € (0, a*) the 
solution ip(t,£) to (|1.8[) satisfies 



[ V(t,£0l&rd&£C« / </>()(£*) l£*! 7 d£*. 



(3.11) 



for some explicit constant C a > depending only on a, 7, d and b(-). Moreover, one has the 
following propagation of lower bounds 



i) Assume that 7 = 1 and, given < a < a+, let < n(a) ^ 



'0i (a) - l\ d 



+ 1/2' 



//Mi(0) ^ 



k{o) then Mi(t) ^ k(o) for any t 0. 

iij Assume that 7 € (0, 1) and tei jo G N ie suc/i £/ia£ ko = ^p- < 1 and &o + 2 ^ !• Given 
< a < a* Zef (Kj(a))j=i,...j fre some positive constants such that 

30 



re io (a) < 



'/3jai(a) - 1\ 1+ Jo / d 
/? m (a) + l J U 



2 



and 



«j(a) < 



'%(«)-! 
/?27(a) + 1 



i+j 



K j+1 {a) 



for j = l,...,jo. If the initial datum tpQ is such that Mjj_ (0) Si K, (a) /or any j = 1, . . . ,jo 

2 

t/ien inf^o Mrr (t) ^ K,(a) /or any j = 1,... ,j . 
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Proof. We first prove (3.11). We estimate the moment M k (t) for k < 1 applying the above 
Lemma 3^1 to the convex function <3>(x) = — x k . We obtain easily that 



[ ^(uwu.)l£-&.l 7 (iei 2 + i^i 2 ) fe ded^ 

jR 2d 

+ ^ / ^,e)^(t,e*)i^-e*r (\tn 2k + \a*\ 2k )d^ 

2 J R 2d \ J 



where, as in Lemma 3.2, /3k {a) = (1 — a)g k with Qk given by 



Qk 



1 + U-o- 



+ 



l-U-a 



b(cos9)da VO < k < 1. 



Using the fact that k — 1 < 0, a^(t) ^ and hty(i) 0, we deduce from (3.1) that 

^(i,e)^(i,e*)Jfc(e,e*)dede* 



A Mfc (t) ^ - 

dt w 2 



where 



m,t*) = A(«)ie - e.p (lei 2 + ia 2 ) fc - le - e*r (ler + i^i 2fc ) • 

Since 7 G (0, 1], one has | \^ - \£ m \l | < |£ - <; |£|7 + |^|7 wh il e 

(ici 2 + ie*i 2 ) fc ^|iei 2fc -ie*i 2fc | v*€(o,i). 

As a consequence, 

Ms,*.) > hi?) ( icr - i&p ) ( iei 2fc - ie*i 2fc ) - cier + icn (ici 2fc + ie*r) 

= Gs fc (a) - 1) (ier +2fc + ie*r +2fc ) - + 1) (ler ie*r + u 1 \t\ 2k ) . 

yielding the following inequality, for any < < 1: 
d 



-M k (t) > (P k (a) - l)M k+ x(t) - ((3 k (a) + l)Mz(t)M k (t). 
at 2 2 



(3.12) 



We are now in position to resume the argument of [|l4|, Lemma 2] to get ( p.ll| ). We recall here 
the main steps in order to explicit the parameter a* (and, for 7 = 1, the constant C a ). Assume 
first that 7=1, using then ( |3.12j ) with k = 5, we get 

^Mi(t) ^ (/3i (a) - l) M x (t) - (a) + l) M,(t) 2 . 
Since M\(t) = Mi(0) = d/2 for any t > 0, we see that, if /3i (a) - 1 > then 



Mi(t) ^ min Mi(0), 
2 \ 2 

Since moreover Mi(0) Mi(0) 2 we obtain 



/3i(a) - 1 



+ 1 



Mi(0) 



vt ^ 0. 



(3.13) 



£H — 1 

Mi (t) > C a Mi (0) V0 < a < a* := -2 

22 £1 
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where C a = 
< a < a*, 



#i(a) 

2 



a + 1 



(notice that < a < a* 



/3i(a) > 1). In other words, for any 



For 7 < 1 , one argues by induction as in |T4|, Lemma 2] iterating the above argument with k = Q 
for j = 1, . . . , jo where jo G N is such that ko = ^ < 1 and ko + Z ^ 1. Then, from ( [3.12 ) with 
k = ko, we get 

^M ko (t) > (f3 k0 (a) - 1) M ko+ ,_(t) - (f3 k0 (a) + 1) M % {t)M ko {t). 
A simple use of Jensen's inequality shows that 



dt 



M ko (t) > (/3 fco (a) 



1) 



I) 



ko+-. 



(h (a) + l)M k0 (t) 1+ ^ 



from which we deduce, as above, that 

'&o(a) 



M ko (t) ^ 



M k0 (0) 



if f3 ko (a) > 1. Now, one can repeat the argument exactly with k\ = ko 



2> k * 



ki 



% and so 



on. Notice that, if /3fc (a) > 1, then f3 k {a) > 1 for any k ^ k - In particular, we get (|3.1l|) for 
any U < a < — " — =: a*. 



Let us now prove the second part of the Lemma, regarding the propagation of lower bounds. 

The proof in the case 7 = 1 is a direct consequence of ( 3.13 ). For < 7 < 1, the proof 

1 

uses arguments similar to those used in the proof of ( 3. 1 1[ ) . Precisely, since Mx{t) ^ Mjj_{t)^ 

2 2 

according to Jensen's inequality, one deduces from Eq. (|3.12j ) that 

— Mfr(t) ^ " l) M (j+l)l (t) - (Pn(a) + l) M^(t) 

at 2 V 2 / — 2 — V 2 / 2 

According to Jensen's inequality one also has 



i+j 
j 



for any j = 1, . . . , j . 



M uo+p-y (t) > Mi(t)— 3— 

2 



, Uq+1)7 

d\ 2 



Vi ^ 



and, by a simple decreasing induction argument, one checks that if Mry(O) ^ Kjia) holds for 

2 _ 

any j = 1, . . . , j , then inf t>0 M^(i) ^ fy-(a) will hold for any j = 1, . . . , j . □ 

Remark 3.8. Wit/i the notations of Lemma \S. % we define the setCy(a) (0 < a < a*) as follows: 
(i) If j = 1 then C\(a) is the set of nonnegative such that J Rd ^(£)|£|d£ ^ «(a). 
CiiJ If j € (0, 1) Zei jo G N fc suc/t i/iat &0 = ^ < 1 and fco + ? ^ 1. Then, C 7 (a) is defined 
as the set of nonnegative suc ^ Jrod -i M£)l£l"' 7 d£ *S K ji a ) f or an V J = 1) • • • 1 Jo- 

The second part of Lemma \3. r \ can be reformulated as follows: given 7 G (0, 1] and < a < a*, i/ 

the initial datum tpQ E C 7 (a) i/ien i/ie associated solution ip{t) to ( |1 . 8| ) is suc/i £/iai ^A(i) G C 7 (a) 

/or any t ^ 0. 
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The above lower bounds have several important consequences when dealing with isotropic 
functions. Precisely, one has the following result, already stated in [|l7], Lemma 10] in dimension 
d = 3: 

Lemma 3.9. Assume that /(£) = ^ is an isotropic integrable function and let k(r) 

be a non decreasing mapping on [0, oo). Then, for any £ G M. d , 

[ (i£-£*i)d£*^ / /(e*)fc(\/iei 2 + ie*i 2 )d£*. 

JR d ^ JR d v 7 

Proof We give an elementary proof of this result. Using spherical coordinates, with = qui 
and £ = rcr, r, g > 0, u), a G S , one has 

/ f(H*)k(\H-^\)d^= Tj^Q^dQ [ kU Q i + ri-2r e o--uj) do; 

> ^ 7(e)/ _1 d^ y* d _ i fc (vV + r 2 -2re<7-u;) do; 
where Si" 1 = {w G S^ 1 ; cr • ui < 0} . Then, for any ui G Si -1 , since is non decreasing, 



^ \/^ 2 + r 2 — 2r £ a • ujj ^ A; ^\/i? 2 + r 2 
and 

/ f(i*)k(\i-tA)&t*> rj{Q)Q d - l k(^fJ+^)&Q I duj 
JR d JO V y i§l _1 

which, turning back to the original variables yields the conclusion, the factor ^ coming from the 
integration over the half-sphere S_ _1 . □ 



Thanks to the above Lemma, one can complement Lemma [3J] for isotropic solutions. We first 
recall that, if il>o(0 = ^o(|C|) is an isotropic function, then the solution ip(t,£) constructed in 
Theorem L3 is isotropic for any t ^ 0. This leads to 

Lemma 3.10. Assume that ipo(0 = V'odCI) *s a nonnegative isotropic initial datum satisfying 
( 1.10 ). For any 7 G (0,1], there exists a* G (0,1) such that, for any a G (0, a+) the solution 
ip(t,£) to (1.8) satisfies 

[ ^,e>)i£-e,rd£* >^ a (o\ y^R d ,t^o 

JR d 

for some positive constant fi a > depending on &(•), J,d,a and on the initial datum ipQ. 
Proof. Applying Lemma |3.9| with the function k(x) = x" 1 we get that 

/ ^(t,&)i£-OMe*> \ I ^(t,eo(i£i 2 + i&i 2 )*d&- 

JR d 1 JR d 

Moreover, for any 7 G (0,1], there exists c 7 > such that (|£| 2 + |£*| 2 ) 2 ^ c 7 (|£| 7 + |£*| 7 ) for 
any f , £* G M d . Then, 

JR d z \ JR d J 

Now, according to Lemma whenever a G (0, a*) there exists C a such that 
[ ^(U*)!£*| 7 de, ^ C a / ^(£*)|&| 7 d&, 0. 
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Consequently, 



f ^,£*)l£-£*rd£* > ^min{l,C Q f Vo(e*)ie*l 7 d^) (1+ [CI 7 ) G M. d , t^O. 

Now, since there exists k 7 > such that (1 + |£| 7 ) ^ Kj (l + |C| 2 )^ f° r anv £ € M d , we finally 
obtain the conclusion with /x a = Sx^x m [ n h Q a J^ d -0 o (C*)lC*l 7 dC*) • D 



Remark 3.11. T/ie parameter a* is exactly the one of Lemma 3.7. Precisely, 

Qk ~ 1 



a 

where ko = < 1 with jo 6 N suc/i t/iai &o < 1 and &o + 2 ^ 1- Particular, for 7 = 1, Aft = 5 
and, m dimension d = 3 and hard-spheres interactions b(-) = one sees that a* = \. 

4. L p - ESTIMATES 

We are now interested in uniform in time propagation of L p -norms for the solution to ( |1.§| ) 
and we prove Theorem 1.5. As in the previous section, we fix a nonnegative initial distribution 
ipQ satisfying ( 1.10 ) and such that 

4> eL 1 2+J (m. d )nLP(R d ) 

for some fixed p > 1 and we let then t/j G C([0, 00); L^(M d )) n I^ oc ((0, 00), L^ +7 (M d )) be the 
nonnegative solution to ( |l.8|) with V(0, •) = ^0 constructed by Theorem |l.3| . We assume in 
this section that ifia is an isotropic function, that is ( 11.13 ) holds. For a given p > 1, 
multiplying ( |1.8| ) by pi(>(t } £,) P ~ l an d integrating over R d , we get 
d 



dt 



% + (pA^(t) - dB^(t)) \\^(t)\\ 



LP 



= P (i-a) [ Q + (ip,i>xt,oip(t,o p - 1 <%-p I Q-^m^M^o 1 " 1 ^ 

Jfl d J'R d 

=: (l-a) P G p (ij(t)) -P^pim) 

where we set 



and 

M^(*))= / Q-(^)(t,0^(t,O p " 1 d£ 



The estimates for G p (V>(i)) are well-known |23|, ||] and, for e > 0, there exists some (explicit) 
9 G (0, 1) and C e > such that 



< c £ ||^(t)|lit pe ||V«; pe + ^(*)lb 11^)11^ > 



2 " v ' " 

P 



i.e. 



G p (m)^c £ \\m\\ L 7 e +e(i + ^ wmw^- (4.2) 

Now, all the strategy consists in finding conditions on a and p > 1 ensuring that 



(pA^t) - dB^t)) \\m\\ p L P -Ph>m)) 
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can absorb the leading order term e(l — a)p (l + 5) • One has 

j> 

a 

(pA^(t) - dB^{t)) = -- (d(p - 1) + 2p) a^(t) + a(p - l)b^(t) 
and, since h^(t) ^ 0, it is enough to estimate 

■= I (dip - 1) + 2p) a^(t) ||^(t)||^ - ph P (m)- 
Compounding ||^(t)||^p and aw,(t) into a unique integral, we get 

^(t)\m)\\ip = I \t-tA^{t,t)iP{t,^{t,zy&z&^. 

One has |£ — £*| 7 ^ \z — £| 7 + \z — ^*| 7 so that 

+ / |*-&|M*,6^,60^(M) p dzd£d£* 

i.e. 

MWWlli^ 2 / k-ei 7 ^(*,0V'(i^) p d^de = 2L p (^(t)). 

One sees then that Kp ^ —rjpL p (ijj(t)) with r) p = p — 2ap — ad(p — 1) and 

j]p > p(ad + 2a — 1) < ad. 

One can distinguish between two cases: 

(i) if a ^ ^2 then one has r\ p ^ ad > for any p > 1; 

(ii) if a > ^2 then ?7 P > if and only if p < p* where p* = ^gq^zj; ■ Notice that p* > 1 if 
and only if < a < ^. 

In other words, for any a < |> there exists p* > 1 such that 

K p < -?7 P L p (V>(t)) withr ?p >0 Vpe(l,p*). (4.3) 
Putting together Q4.1|) , (|4.2|) and ([Q[ ) we get, for a < 5 and p£ (ljPa) : 

^||^)f LP < C £ (l - a)p\\m\\l7 6 + e(l - a)p + ^) ||^)||^ - % Lp(^(i)). 
It remains now to compare L, p (ip(t)) to ||^(t)||^p ■ This is the only point where we shall invoke 



our assumption ( 1.13 ). Precisely, from ( |1 .13 ) and Lemma 3. 10| , if a G (0, a*) there exists \i a > 



depending on ipQ such that 



Therefore, 

L 



p (m) >» a [ mcnar^ = »*\\m\\ p L p • (4.4) 
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Then, for any fixed < a < min(^,a*) and fixed p € one can choose e > such that 

e(l - a)p (1 + |) = to get the following 



d 
di 



p < K 
LP /v 



p—pd 
LP 



VpHc 



for some positive constant > 0. This implies clearly that 



sup 



L p ^ max < ll^o IliP, 



'' p 



2K \^ 



This proves Theorem [L^ with C p (ipo) = y^~J V • Notice that, as announced, C p (ipo) depends 
on the initial datum ipQ only through fj, a and so only through the moment Mx(0). 

Remark 4.1. One sees from the above proof that a = min(^,a*) where a* is the parameter of 
Lemma 3.1(\ (see also Remark 3 11). 

Remark 4.2. The constant C p (?/>o) depends on the initial datum ifjQ only through the inverse 
of the moment Mj^O) = J Rd i/jo(^)\C | 7 d£- In particular, with the notations of Lemma 3/7 and 



Remark 3.8, one sees that, given 7 £ (0, 1] and < a < a then for any p € (l,p*) ; 



sup ||V>(t)||z,p < max {||^ \\lp,C p } 

for some constant C p > depending only on a, 7, b(-) and the dimension d provided ipo € C 7 (a) 
satisfies the assumption of Theorem 1.5 . 



5. Existence of self-similar profile 

We now proceed to the proof of the main result of this paper, that is the proof of Theorem |l.6[ 
As already announced, the existence of a stationary solution to QLg ) relies on the application of 
Theorem LI to the evolution semi-group (St)t^o governing (|1.8| ). We set a = min(ao>Q?). Let 
us now fix q < a and let p £ (L.Pa) be fixed. For any nonnegative tpQ G L2 +7 (M rf ) n L p (R d ) 
let ^(t) = Stipo denote the unique solution to (|1.8| ) with initial state i/)(0) = ipQ constructed 
by Theorem L3. The continuity properties of the semi-group are proved by the study of the 
Cauchy problem in Section ||. On the Banach space y = L\(JH d ), thanks to the uniform bounds 
on the L^ +1 (R d ) and L' p (R d ) norms provided by Proposition |3.4| and Theorem |l.5| respectively 
combined with the propagation of lower bounds for Mx(t) (see Lemma 3.7, Remarks |3.8| & fi~^ ) 
the nonempty convex subset 



d 
2 



j 1 



M, 



11 



\LP 



and 



mi^d^Kj, j = l,...,j 



is stable by the semi- group provided M~, M p are big enough and K\, . . . , Kj are small enough 



where we recall that jo is the largest integer such that ^ < 1 and ^'°^ 1 ' >7 ^ 1 (in particular, for 
true hard-spheres, 7 = jo = !)■ This set is weakly compact in y by Dunford- Pettis Theorem, and 
the continuity of St for all t > on Z follows from Proposition |2.9[ Then, Theorem 1.1 shows 



that, for any a < a, there exists a nonnegative stationary solution to 
with unit mass and energy equal to i. 



in Ll 



nL p 
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Remark 5.1. Notice that, unfortunately, we are able to construct only radially symmetric so- 



lutions to (|1.5|) . Clearly, this relies on the restriction ( |1.13|) for the control of L p norms. At 
first sight, it may seem possible to construct solutions to Ql-5| ) with zero bulk velocity but it is 
not known whether this property is preserved by the semigroup (St)t^o- Since the property of 
being radially symmetric is preserved by (St)t^o, we have to restrict our choice to that class of 
self-similar solutions. 

Remark 5.2. In the special case of hard- spheres interactions in dimension d = 3, i.e. whenever 



— £*,<t) = ^ 4? f* , one has according to Remarks 3.1, I 1 and 4 1 that ao = |, a 
Therefore, a = \ and p* a > 2. 



2 a = i 

rj , LI ^ . 



6. Conclusion and perspectives 
We derived in the present paper the existence of a self-similar profile ipu associated to the 



probabilistic ballistic annihilation equation (1.1). Such a self-similar profile is actually the steady 



state of the rescaled equation (1.8) and the existence of such a steady state was taken for granted 



in various papers in the physics literature [15, 19, Eq|. Our paper thus provides a rigorous 



justification of some of the starting point of the analysis of the op. cit.. The self-similar profile 
ipH we constructed is isotropic, i.e. 

^M0=WI£l), 

and the existence is proven only in a given (explicit) range of the probability parameter a. 
Namely, we proved the existence of tpn only whenever the probability parameter a lies in some 
interval (0,a) with some explicit a > 0. Even if the parameter a > is certainly not optimal, 
this restriction arises naturally from our method of proof; in particular, it seems difficult to prove 
uniform in time estimates of the higher-order moments for all range of parameters a € (0, 1). 
However, our restriction on the initial datum (isotropy, L p -integr ability) and on the probability 
parameter a leaves several questions open. Let us list a few of them that can be seen as possible 
perspectives for future works. 

6.1. Uniqueness. A first natural question that should be addressed is of course the uniqueness 
of the self-similar profile tpjj. Clearly, since our existence result is based upon a compactness 
argument (via Tykhonov fixed point Theorem |1 . 1| ) it does not provide any clue for uniqueness. 
We believe that, as it is the case for the Boltzmann equation with inelastic hard-spheres plj , |(|, 
a perturbation argument is likely to be adapted here. Such an approach consists in taking profit 
of the knowledge of the stationary solution in the "pure collisional limit" a = (for which the 
steady state is clearly a uniquely determined Maxwellian distribution) and to prove quantitative 
estimates of the convergence of stationary solution as the parameter a goes to 0. It is likely 
that such a uniqueness result would require a good knowledge of some quantitative a posteriori 
estimates for the self-similar profile ipu- 

6.2. A posteriori estimates for iftjj. Typically, we may wonder what are the thickness of the 
tail of ipH, more precisely, one should try to find explicit r > 0, a > - possibly independent of 
the parameter a - such that 

^#(£)exp(a|£| r )d£ < oo. 

Besides such integral upper bound, one also may wonder if good L°°-bounds can be derived for 
ipH ( a t least in the limit a — > 0), i.e. is it possible to derive universal explicit functions M (£) 
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and M(£) such that 

M(0 < i>H(Q < M(0 V£ € M d and any a € (0,a). 
6.3. Intermediate asymptotics. A fundamental problem, related to the original probability 



annihilation equation (1.1), is to understand the role of the self-similar profile tpu (if unique). 
Indeed, we know that solutions to (1.1) are vanishing as t — > oo 



lim f(t,v) = 



t— »oo 



and physicists expect that the self-similar profile should play the role of an intermediate asymp- 
totic in the following sense. One expects to find suitable explicit scaling functions a(-),b(-) a 
rescaled density tp = ip{r, £) and a rescaled time r(t) which are such that, if / is a solution to 
(|1 . 1| ) in the form 

f(t,v) = a(t)^(r(t),b(t)v) 
then the rescaled density tjj is such that 



as 



oo. 



The convergence, in rescaled variables, to a unique self-similar profile is a well-known feature 
of kinetic equation exhibiting a lack of collisional invariants. In particular, for granular flows 
described by inelastic hard-spheres, such a self-similar profile (known as the homogeneous cooling 
state) is known to attract all the solutions to the associated Boltzmann equation yielding a proof 



of the so-called Ernst-Brito conjecture (see [21] for a proof and a complete discussion on this 
topic). 

A related question is also the exact decay of the macroscopic quantities associated to solutions 



f(t,v) to (1.1): it has already been observed that the number density 



n{t) 



and the kinetic energy 



E(t) 



f(t,v)dv 



f(t,v)\v\ 2 dv 



are continuously decreasing if a € (0, 1) and converge to zero as t — > oo. To determine the precise 
rate of convergence to zero for such quantities is a physically relevant problem. Partial answers, 



based upon heuristic and dimensional arguments, are provided by physicists \t i] and it would be 
interesting to provide a rigorous justification of these results. Exploiting again the analogy with 
the Boltzmann description of granular flows, expliciting the decay rate of the number density 
and the kinetic energy would be the analogue of the so-called Haff 's law for inelastic hard-spheres 



(see I 



6.4. Improvement of our result: the special role of entropy. Besides the above cited fun- 
damental questions, we may also discuss some possible improvements of the results we obtained 
in the present paper. First, one may try to extend the range of parameters a for which our 
result holds. Notice that, since we strongly believe that the self-similar profile ipjj is unique in 
some peculiar regime (at least whenever a — 0), getting rid of the isotropic assumption on tpu 



is not particularly relevant. However, in both Theorems 1.5 and Theorem 1.6, the hypothesis of 



L p -integrability does not have a clear physical meaning. It would be interesting to investigate 
if such an assumption can be relaxed: for instance, it would be more satisfactory to prove the 



well-posedness result Theorem 1.3 under the sole assumption that the initial datum is of finite 



42 



VERONIQUE BAGLAND & BERTRAND LODS 



entropy. Unfortunately, we did not succeed in proving that the flow solution associated to ( |1.S| ) 
propagates suitable bounds of the entropy functional. 

Appendix A. Well-posedness for the Boltzmann equation with ballistic 

ANNIHILATION 



In this appendix, we only give the main lines of the proof of Theorem 1.7. Indeed, the proof 



of Theorem 1.7 may be easily adapted from that of Theorem 1.3 



Let us denote by /o a nonneg ative distribution function from W 1 '°°(R d ) n L^ +7 (M d ). Let 
n G N. We consider first the well-posedness of the following truncated equation 

d t f(t,v)=M n (f,f)(t,v) (A.l) 

where the collision operator B n (/, /) is given by ( |2.2| ). Let T > and 

h £C([0,T];L 1 (R d ))nL oo ((0,T);L 1 (R d ,\v\ 2+ ^ dv)) 

be fixed. We introduce the auxiliary equation: 

f d t f(t,v) + C n h (t,v)f(t,v) = (l-a)Q n + (h,h)(t,v), 

\ f(0,v) = f (v). 1 ■ ' 

Here, as in Section ||, 

C%(t,v) := / B n (v -v*,a)h(t,v*)dv*d<j = \\b n \\i $ n (\v - v*\) h(t,v*) dv*. 

jRd-xSd- 1 JR d 
The Cauchy problem ( |A.2| ) admits a unique solution given by 

f(t,v) = f (v)ex V (-^Cl(r,v)dr] 

+ (1-a) ^C%(T,v)dA Ql(h,h)(s,v)ds. (A.3) 

For any T > and any M\, M2, L,C^ > (to be fixed later on), we define "H = "Ht,Mi,m 2 ,l,Cj 
as the set of all nonnegative h G C([0, T]; L 1 (M. d )) such that 

sup / h(t,v)dv ^ Mi, sup / h(t,v) \v\ 2 dv ^ M 2 , 
t<=[o,T]JR. d telo,T]Jm d 

and 

sup / h(t, v) [w[ 2+7 dv ^ C 7 , sup H^/i.cx) ^ L. 

te[o,r] JR d ie[o,T] 

Define then the mapping 

T : H — y C([0, T]; L 1 (M d )) 

which, to any /i G %, associates the solution / = T(h) to ( |A.2| ) given by ( A.3 ). We look for 
parameters T, M\ , M2 , C 7 and L that ensures T to map % into itself. 

Control of the density. One checks easily that the solution f(t,v) given by ( [A3j ) fulfils 



sup [ f(t,v)dv^\\f \\ 1 + (l-a)n~<\\b n \\ 1 M 2 T, Mh G T~L. (A.4) 
te[o,T] Jm d 
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Control of the moments. Arguing as above and as in Section 0, we get 
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sup / f(t,v) \v\ 2 dv < / f Q (v) \v\ 2 dv + 4(1- a) n< \\b n \\ x Ml M 2 T, 

te[0,T] JR d JR d 

f(t,v) \v\ 2+ ^dv < / f (v) |v| 2+7 + 2 2+7 (l- a) n" 1 \\b n \\ x Mi C 7 T, 



sup 

te[o,T] 

for any h EH. 

Control of the W 1 ' 00 norm. Here again as in Section ||[ we obtain, 
sup 

t€[0,T] 



(A.5) 
(A.6) 



sup \\f(t)\\ w i,oo s$ ||/ || t yi^(l + 2n 7 ||6 n ||iMiT) 



+ 2(1 - a) n 1+7 ||6„||i Ml LT (2 + n 7 ||6 n ||i 



(A.7) 



Now, from flO)), (|A~5|) , 



Mi T). 

and ( |A.7| ), one sees that, choosing for instance Mi = 2||/o||i, 



Mo 



fo(v)\v\ 2 d£, 



and 



C 7 = 2 / / O (0l£| 2+7 d£, L = 4||/ || wl , 

1 

min{l, 2 1 ~ 7 n}, 



16||6 n ||iMin 1 +')' 

we get that f £H, i.e. with the above choice of the parameters Mi, M 2 , C~, L, T, one has T(7i) C 
Moreover, one can perform the same calculations as in the proof of Proposition and one 
obtains that ( 2.1C| ) holds and that 7~(H) is a relatively compact subset of C([0, T], L^M^)). Thus, 
the Schauder fixed point theorem ensures the existence of some fixed point f 1 of T , i.e. there 
exists f 1 G C([0,T];Ll(R d )) C\ L°°{(<d,T); L\ 



2+7 



equation ( |A.l| ) against 1 and \v\ over Mr, we get 



d 
di 



f 1 (t,v)dv s: 



and 



nw 

d_ 

dt 



l,oo 



solution to ( |A.l| ). Integrating 



/^M) \v\ 2 dv ^ 0. 



Consequenly, f 1 satisfies ( 1.14 ) and ||/ 1 (T, .)||i ^ H/olli- Since the time T only depends on the 
inverse of ||/o||i, by a standard continuation argument, we construct a global solution / to QA.lj) . 
Uniqueness clearly follows from ( 2.1 0| ) . 

In order to prove Theorem 1.7, we now need to get rid of the bound in W 1,oc (M. d ) for the initial 
condition and to pass to the limit asn + +oo. Let /q € L 2+7 (M rf ) be a nonnegative distribution 
function. There exists a sequence of nonnegative functions (/o l )neN m 
that converges to /q in L^R^) and that satisfies, for any n E N, 



ll/o Ik < ll/ol 



and 



/ >)M 2+7 d^2 1+7 ||/o||i + 2 1+7 / /„(«) |«| 2 + 7 du. (A.8) 



We infer from the above properties of (/q )nGN that there exists some Nq € N such that for 
n > N Q , 



1 



and 



o ll/olli< / /o»dw<ll/ol|i 



f (v)\v\ 2 dv^ f£(v)\v\ 2 dv^2 f (v)\v\ 2 dv. 



(A.9) 
(A.10) 
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For each n G N, we denote by f n the solution to ( |A.1| ) with initial condition fff. Our purpose 
is to show that (f n )n&N is a Cauchy sequence in C([0, T]; L^R^)) for any T > 0. However, this 
requires uniform estimates on f n . So, we now show uniform bounds for moments of f n . 

Lemma A.l. Let T > and s > 2. Assume that |[/o||li < oo. Then, there exists some constant 
C depending only on a, d, 7, s, T, £>(■) and ||/o||z,i such that, for n ^ Ao, 

sup / f n (t,v)\v\ s dv < C and [ \\f n (t)\\ L i [ /„(*, u) $ n (\v\) \v\ s dv dt ^ C. (A.ll) 
te[0,T] JR d JO JR d 

Proof. Let s > 2 and n ^ Ao- Our proof follows the same lines as the proof of Lemma 2.7. As 
previously, we have 

dY n 1 - a f f 

-rr(t) = —5— / / f n (t,v)f n (t,v,)$n(\v-v*\)K2(y,v*)dvdv* 

-at Ql(fn,fn)(t,v)\v\ S dv, 



where Y™(t) = J Rd f n (t,v) \v\ s dv. Now, arguing as in the proof of Lemma 2.7, we obtain 

C2O) 



Q 2 )C2(n) WfnWWlt I ../,(/■ r)«I>„(|r|)|r|Mr 



2 



Finally, 

^y s "(t)+ (1 ~ a)ca(2) u/„(t)|Ui / /„(t,^)ci> n (H)| v | s d^C3^(t) + 2 Cl ||/ || L x, 

dr 2 J R d 2 

where C3 = (df + 4ci)||/o||^i. Then, (A LI) follows easily from the Gronwall Lemma and 
flAj. " □ 

Observe that the second inequality of ( p. 29 ) has to be modified in that case. Since the mass 
of the solution is decreasing, we do not recover, as previously, that moments of order 2 + 7 are 
integrable. This is the reason why we assume here that the initial condition lies in ^2+7- Thanks 
to Lemma A.l, it then follows that moments of order 2 + 7 are uniformly bounded. We are 
thus in a position to prove that (/ n )neN is a Cauchy sequence in C([0, T]; L^K^)) for any T > 0. 
We omit the proof since it follows exactly the same lines as the proof of Proposition 2.8. Then 
denoting by / G C([0, T]; L^(R d )) the limit of the sequence (/n)neN> it is easy to check that / is 
a weak solution to ( |1 . 1[ ) . 

Appendix B. The case of Maxwellian molecules kernel 

We discuss in this Appendix the particular case of Maxwellian molecules. Notice that the 
Boltzmann equation for ballistic annihilation associated to Maxwellian molecules has been al- 
ready studied in the mid-80's [26, 25], and was referred to as Boltzmann equation with removal. 
Consider as above, the equation 

d t f(t, v) = (l- a)Q(f, f)(t, v) - aQ-(f, f)(t, v) = B(/, f)(t, v), /(0, v) = f (v) (B.l) 

where Q is the quadratic Boltzmann collision operator associated to the Maxwellian collision 
kernel 

J3(v — v*,a) = 6(cos 0) 
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For any solution f(t,v) to (BT), we denote 

n(t)= [ f(t,v)dv, n(t)u(t)= [ vf(t,v)dv, 



and 

Since, for Maxwellian molecules 

Q-(fJ)(t,v) = ||&||i/(M) / f(t,v*)dv* = \\b\\ in (t)f(t,v) 



one sees easily that the evolution of the density n{t) is given by 

dt 



^-n(t) = -/in 2 (t), Vt ^ 0, (B.2) 



with [i = a||6||i. Thus 



In the same way, 



n(t) = n ° - , Vt > 0. (B.3) 
fin t + 1 



-^(n(t)u(t)) = -^n 2 (t)u(t), and -^(n(i)G(t)) = -/in 2 (t)9(t) (B.4) 

from which we deduce that 

u(i) = u(0) and 0(i) = 6(0) Vt > 0. 

One sees therefore that, for the special case of Maxwellian molecules, the evolution of the mo- 
ments of f(t,v) are explicit. Another striking property, very peculiar to Maxwellian molecules, 
has been noticed in [p5| : if one defines 

1 — a f , . , 1 — a, . 

s(t) = / n(r)dr = log(l + /in 1), i ^ 0, 

^0 Jo A* n o 

then, the change of unknown 

f(t,v) = ^g(s(t),v) t>0 (B.5) 
n 



shows that, f(t,v) is a solution to ( p3.1|) if and only if g(s,v) is a solution to the classical 
Boltzmann equation 

d s g(s,v) = Q(g,g)(s,v) (s > 0) with 5 (0, «) = / («). (B.6) 

Moreover, one has 

/ g( s ,v)dv = n = g(0,v)dv, / up(s, t>)dt> = n u(0) 

and 

|u - u(0)| 2 #(s, v)dv = dn Q(0) Vs > 0. 



In other words, the ballistic annihilation equation flB.l| ) is equivalent to the classical Boltzmann 
equation with Maxwellian molecules interactions. The mathematical theory of Eq. (B.6) is by 
now completely understood (see e.g. p9|]) and it is well-known that (under suitable conditions 
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on the initial distribution /o) the solution g(s, v) to (|B.6| ) converges (in suitable L 1 -norm) as 
s — > oo to the Maxwellian distribution 

M(v) = — — jj^ exp (-^^] v E R d 

(2vr9(0)) d/2 V 20(0) / 

with an explicit rate (we do not wish to explicit the minimal assumption on /q nor the precise 
convergence result and rather refer the reader to [^] for details). Turning back to the original 
variable, this proves that 

nit) 

f(t, v) —M(v) — > as t ->• oo. 

n 

The long-time behavior of the solution to (|B.1[) is therefore completely described by the evolu- 



tion of the density n(t) given by (B.3) and the moments of the initial datum /q (through the 



Maxwellian M). This gives a complete picture of the asymptotic behavior of (B.l) and answers 



the problem stated in Section 6.3 for the special case of Maxwellian molecules. 
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